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We show that Deformation Quantization of quadratic Poisson structures preserves the Aoo-Morita equivalence of 
a given pair of Koszul dual ^loo-algebras. 
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1. Introduction 

In this paper we consider a hnite dimensional vector space X over a field K of characteristic and the associative 
algebras with zero differentials A = S(X*) resp. B = A(X) i.e. the symmetric algebra over X* , resp. the exterior 
' algebra over X. For simplicity we choose IK = R,C. In [5] it is shown that it is possible to endow K = K with 
^ . an Aoo-^l-B-bimodule given by a codifferential d^ whose Taylor components are defined by certain perturbative 
' expansions in Feynman diagrams. The expansions are written by considering configuration spaces of points on the 
>J , complex upper half plane and differential 1-forms called the 4-colors propagators. This construction and those in 
[5], [5] are the first partial example of multi-brane generalization of the results by M. Kontsevich on Deformation 
• , Quantization of Poisson manifolds; see [13] . In [5] it is shown that the Aoo-^--B-bimodule (K, dx) is s.t. the classical 
' Koszul duality between A and B holds, i.e. there exists isomorphisms 

(N ; A ~ Ext B (K,K), B ~ Ext A (K,K) op , 

of algebras: as left Aoo-^l-module and right Aoo-S-module K is in fact the classical augmentation module. 

Our first goal is to prove an Aoo-derived Morita equivalence for the pair (A, B) explicitly, i.e. the equivalence of 
certain triangulated subcategories of the derived categories of strictly unital Aoo-right- modules over A and B by using 
?— I • the ^4oo-bimodule (K, dif): A and B are just associative algebras with zero differential but we consider categories of 
Aoo-niodules over them. 

It is natural to introduce a bigrading on the triple {A, K, B); the first grading is cohomological; the second grading 
is called internal; consequently we consider only bigraded Aoo-structures, i.e. bigraded Aoo modules, bimodules, 
morphisms between them etc. By definition, the internal grading is preserved by the j4oo-structures and morphisms 
between them. 

The Aoo-Morita equivalence for the pair (A,B) has been already proved in [27], where a more general result is 
shown. In |27j . (see prop. 1.14, 3.1. and thm. 5.7, 5.8 loc. cit.) the authors prove the aforementioned equivalence by 
"returning" to the differential bigraded level by considering the derived categories of differential bigraded modules 
over the enveloping algebras UA, resp. UB of A resp. B. The enveloping algebra UA' of any bigraded ^loo-algebra 
A' is a differential bigraded algebra. It is introduced in [27 as the theory of differential bigraded algebras is, in 
general, simpler than the theory of bigraded ^loo-algebras. Such an approach has the advantage of using the already 
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well-known results on the enveloping algebras and (bar) resolutions of differential bigraded algebras. On the other 
way, using this approach one introduces the iterated use of the Koszul dual functor E(-), which associates to any 
augmented Aoo-algebra A' its ^Iqo-KoszuI dual E(A') = Hom(UA',K). Moreover the enveloping algebra UA' is a 
rather "big" bigraded object, as by definition it is the cobar construction of the bar construction over A' . 

Our approach is alternative to the one presented in [2 7) : we use the ^oo-bimodule K to prove the Morita equivalence 
at the Aoo-level, without using the enveloping algebras UA, U B and returning to the differential bigraded level. 

The key observation in our construction is that the left derived derived actions (|10). [3j) 

L A : A -> End P (70, R B ■ B ~End A (K) op . 

are quasi-isomorphisms of strictly unital ^oo-A-A-bimodules and strictly unital Aoo-S-S-bimodules; this is done in 
subsection 15.0.91 We use this fact to prove the equivalences of categories before and after deformation quantization. 

The pair of functors inducing the equivalence is studied in subsection 16.0.161 We define them by using the ten- 
sor products • ®4«, • <8>5* of ^oo-modules described in subsection 14.0.61 The main advantage of such "pure" 
Aoo-approach, aside from the explicit use of the bimodule K, is represented by the possibility of quantizing the 
equivalences: this is the content of section |5J Let Hit be an fi,-formal quadratic Maurer-Cartan-element of cohomolog- 
ical degree 1 in T po i y (X) [[h]], the ring of formal power series in h with coefficients in T° oly (X) — S(X*) (g> A' +1 (X). 
Tp iy(X) [[H]] is a differential graded Lie algebra with zero differential and graded Lie braket [■, -]n obtained by ex- 
tending K [[7i]]-linearly the Schouten-Nijenhuis bracket [•, •] on T po i y (X). With such a choice of Poisson bivector the 
internal grading on the triple on (A, K, B) is preserved; i.e. using the "2-branes Formality theorem" contained in [3] 
it follows that the quantizations An, resp. Bn of A, resp. B are associative bigraded algebras with zero differentials. 
The quantized bimodule K% = (K [[h]], djf R ) satisfies the quantized version of the Keller condition, and it is a left 
Afe-module and a right iJ^-modulc with zero differential. Moreover, it is possible to quantize straightforwardly the 
bar resolutions A®_ A K, K§)_ B B and the Aoo-bimodules introduced in section [U 

In this "deformed" or quantized setting we introduce the categories Mod^(^4^), resp. Mod^(Bs) of strictly 
unital topologically free right Aoo-A^-modules (resp. Aoo-i^-modules ). An object Nn in M.odff(An) is a collection 
{Nj [[fi]]}ijgz °f topologically free K [[S]]-modules, endowed with a topological Aoo-An- module structure, i.e. a 

quantized codifferential dm h = Si>o°-M ^ s -^- ^a/r ° = 0. 

Mod^(Afj) and Mod^(_B^) are additive categories but they are not closed under taking cohomology. Quasi- 
isomorphisms in Mod^ (An) (and Mod^ (Bn)) are then defined by considering the bigger abelian category Modf, 3 (K [[H]]) 
of all bigraded K [[7i]]-modules. 

We define the homotopy categories H^(An), ~H%(Bn); these are naturally triangulated categories. To prove this 
we define topological cones and cylinders of topological yloo-morphisms; all details are contained in subsection l8.0.33l 
Our approach is quite "down-to-earth" : we adapt the definitions and results in [20] to our topological ^.co-setting. 

We finish by introducing "the derived categories" D^(A^) resp. Dff(Bn) as the localization at quasi-isomorphisms 
of H^iAft) resp. H%(Bn)' they are canonically endowed with a triangulated category structure induced by the one 
on the corresponding homotopy category. 

With triang^(Mfi), triang# E (Nn) we denote the full triangulated subcategories in D^(A^) resp. Df^(Bn) 
generated by {Mn[i](j)}i,jez and similarly for Nn,, where [•], resp. (•) are the shifts w.r.t. the cohomological resp. 
internal grading. With thick^ ' (Mn) and thick^ 5 (Nn) we denote their thickenings. We recall their definitions in 
Appendix C. Let <§) be the completed tensor product of bigraded IK [[ h}] -modules w.r.t. the ?i-adic topology. The 
completed tensor products • • ®_b r * °f topological ^loo-modules are defined accordingly. 

The main result of these notes is then 

Theorem 1. Let X be a finite dimensional vector space over K = M, or C and (A,K,B) be the triple of bigraded 
Aoo- structures with A = S(X*), B = A(X) and K = K endowed with the Aoo-A-B -bimodule structure given in [3J. 
By iTfi e (T po iy(X) [[h]), 0, [•, -]n) we denote an H-formal quadratic Poisson bivector on X and by (An,Kn,Bn) the 
Deformation Quantization of (A, K, B) w.r.t. tt^. The triangulated functor 

Tn : T>%(A h ) -> T>™ f (B n ), T n (») = • ® Ar K h 

induces the equivalence of triangulated categories 

triang^^) ~ triangg^), thick^ (^) ~ thick^ (K h ). 

Let (K,&x) be the Aoo-B-A-bimodule with K = K and dp* obtained from dx exchanging A and B; the triangulated 
functor 

T n : T>? f (B h ) -+ T>? f (A H ), F'n(.) = . ® B K h 
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induces the equivalence of triangulated categories 

triang%, (K h ) ~ triangg; (B h ), thick^ (K h ) ~ thick^ (B h ). 

In other words, Deformation Quantization of ^-formal quadratic Poisson bivectors preserves the Aoo-Morita equiv- 
alence of the Koszul dual Aoo-algebras A and B. 

In Appendix A we show the proof of prop. H2 while in Appendix B-C we prove thm. [7] and thm. [9] in some detail. 
Such proof are conceptually quite easy; using the very definition of the triangulated subcategories triang^ (An) . . . 
thick^ (Kn) we just need to check the commutativity of diagrams in which the quasi-isomorphisms of Aoo-bimodules 
of section IHl appear. Moreover, the proof of thm. [5] is analogous to the one of thm. [71 with mild changes. 

2. Acknowledgments 

We gratefully thank D. Calaque, G. Felder, B. Keller, D.M. Lu, C. Rossi, P. Shapira, M. Van den Bergh, for 
inspiring discussions, constructive criticism and useful e-mail exchange. 

3. Notation and Conventions 

Let K be a field of characteristic 0. Throughout this work we fix K = K or C. Let bGjK be the category of 
Z-bigraded vector spaces, i.e. collections {Mj}ij e z of vector spaces over K. The upper grading is also called the 
"cohomological grading" . The lower index denotes the "internal grading" . The space of morphisms HombG K (M, N) 
is the Z-bigraded vector space with (r, s) th component 

Hom^ K (M,N)= [] Hom K (M£,AC+;), 

for every r, s G Z 2 . 

Any / G Hom^Q K (M, N) is said to be a bigraded morphism of bidegree (r, s). The identity morphisms in bGi are 
denoted simply by 1. For any object M in bGK, we denote by M[n] the object in bGjK such that (M[n])* :— Mj + "; the 
degree -1 isomorphism s : M — > iW[l], s(m) := m is called the suspension map; its inverse of degree 1 s _1 : M[l] — > M 
is the desuspension. Both are endofunctors of bGjK, with (s -1 )® 4 o s® 4 = (— 1) 2 1. We use the short notation 
sm for s(m) G The cohomological degree of bihomogeneous elements of M is denoted by | • |; in particular 

I am I = |m| — 1, for every sm £ Af[l]. 

Similarly, the object M(j) in bG K is s.t. M(j)™ := M™ +j , for any j E Z. It follows that Hom^ K (M, N) = 

Hom°'° K (M,N[r](s}). 

The tensor product M ® N of any two objects in bGx is the object in bGx with bihomogeneous components 

(M®N)Z= M?®Nl 

p+q=n 

! 

for every n,m G Z with ® = ®k- Throughout this work we will use the shorthand conventions mi,...,m n = 
mi (g> . . . ® m„, and (mi| • • • |m n ) = s(mi) ® • • • ® s(m„), for any mi, . . . m n G M G bGK- So, in particular, 
(m\ 1 m2\m3) = m\ ® 3(1712) ® 3(1713) and (mi |rri2, 7713) = s(mi) (£) s(m,2) ® 1JI3. In what follows we assume that the 
Koszul sign rule holds. 

4. Aoo-STRUCTURES 

In this section we introduce Aoo-structures from a purely algebraic point of view. We recall the concept of 
Aoo-algebra, Aoo-module, Aoo-bimodule and their morphisms. We focus our attention on unital Aoo-structures, 
augmented Aoo-algebras. The tensor product of Aoo-modules is also considered; it contains the bar resolution of a 
module over a given unital algebra as special case. Aoo-algebras have been introduced by Stasheff in the sixties 
in algebraic topology; in the nineties they have been further popularized by Kontsevich's [H] in his Homological 
Mirror Symmetry conjecture. The material here presented is standard; we refer to [12 El EH [2S] for all details, in 
particular the definitions of coalgebras, coderivations, comodules etc... For the interested reader, we just note that 
such definitions can be deduced by taking the "limit" h = in the formulae appearing in section |U Tensoring of A^- 
bimodules has been introduced explicitly in [18] . extending the case of right Aoo-modules contained in [12 J. In what 
follows we will consider only bigraded Aoo-structures; the rule of thumb is that the maps defining the A^-structures 
themselves preserve the internal grading. In this sense, there is not substantial difference between the graded and 
bigraded case. 
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4.0.1. Aoo-algebras. Let A be an object of bGic- The coassociative counital tensor coalgebra on A is the triple 

B(A) :=(T c (A[l]),A,e), 

where T c (^[l]) = ® k > A[l]® k , A : T C (A[1]) -> T C (A[1}) <g> T C (A[1]) is the coassociative coproduct A(oi| . . . \a n ) = 

1 ® (oi| . . . \a n ) + (ai| . . . |a n ) ® 1 + X)n'=i( a il • ■ • l a «') ® ( a n'+l| ■ • ■ l a n) an d the counit e denotes the projection onto 
K; by definition (e <g> 1) o A = (1 ® e) o A = 1. 

Definition 1 (J. Stasheff, jH]). An A^-algebra is a pair (A, d A ), where A is an object o/bGi and d A is a bidegree 
(1,0) coderivation on 13(A) s.t. 

d A o d A = 0. 

By the lifting property of coderivations on 13(A), such d^ is uniquely determined by its Taylor components, i.e. 
the family of morphisms d^ := pi"A[i] °dyiU[i]®", n > 0, denoting by prApj the projection prA[i] : T c (yl[l]) — > A[l}. 
Then d A ° d^ = is equivalent to 

k fc-si+l 

(!) (- 1 ) e ^" Sl+1 (ai|...|a j _i,d^ 1 (a j |...|a Sl+j _i)|a Sl+j |...|a fc ) = 0, 

81=0 J=l 

for every k > and (oi, . . . , GSfc) E 13(A). The Koszul sign is simply e = Y^l=i(\ a i\ ~ !)■ Equivalently, we can consider 
the bidegree (2 — n, 0) maps m ra defined through 

d° A = - som , 

(2) =- s o m„ o (s" 1 )®", n > 1, 

An Aoo-algebra (A, d^) is said to be flat if d^ = 0. In this case mi is a differential and m,2 is associative up to 
homotopy. It reduces to an associative product on the cohomology H(A) with respect to mi. If a flat Aoo-algebra is 
s.t. 7713 = m± = • • • = 0, then it is a differential bigraded algebra. If (A, d A ) is not flat, then it is called curved, with 
curvature d^ (or d^(l); we use both notations ). In presence of non trivial curvature, d^ is not a differential. Any 
graded associative algebra A s.t. cr^l) is a degree 2 element in the center of A is a curved ^oo-algebra. Curvature 
appears naturally in Deformation Quantization: see for example [2J. Curved Aoo-algebras are also related to models 
in theoretical physics [3] . With a little abuse of notation we introduce the following 

Definition 2. Let (A, d A ) and (B,ds) be Aoo-algebras. A morphism F : A — » B of A^- algebras is a morphism 
F € Hom b ' GK (£>(A), 13(B)) of coassociative counital coalgebras s.t. 

F o d A — ds o F. 

F : T c (A[l}) -> T C (B[1}) is uniquely determined by the family of morphisms F n : A[l]® n -> B[l] s.t. pr B[1] oF\ Am » n = 
F n and F(l) = 1. The morphisms F n are called the Taylor components of F. F o d A = d# o F is equivalent to a 
tower of quadratic relations involving the Taylor components F,, d* A and d^ of F, A and B, respectively. If (A, d A ), 
resp. (B, ds), are curved Aoo-algebras with curvature d° A , resp. d° B , then, by definition of F: Fi(d^(l)) = d^(l). 

It is useful to introduce the degree 1 — n desuspended morphisms /„ : A® n — > B in bGK, through 

(3) F n = s o /„ o (a" 1 )®" 

for every n > 0. A morphism F : A — > B of A^-algebras is said to be strict if F n = for n > 2. If A and -B are flat, 
F is a quasi-isomorphism if F\ is a quasi- isomorphism in bGK- 

4.0.2. Units and augmentations in flat Aoo-algebras. Let (A,d A ) be an Aoo-algebra; the maps m n , n > and / m , 
m > 1, have been defined in ©, @. 

Definition 3. ^4n A^-algebra (A,d A ) is said to be strictly unital if it contains an element 1 A G Aq s.t. 

m 2 (a, 1 A ) = m 2 (l A , a) = a, 

for any a & A and m n (ai, . . . , a n ) — for n > 3 if ai — 1 for some i = 1, . . . , n. 

We note that, if A is stricly unital, then d^(slA) = 0, also in presence of curvature on A. 
A morphism F : A\ — > A2 of strictly unital Aoo-algebras is said to be strictly unital if 

/i(1aJ = 1a 2 , 

and / m (fli, • ■ • , a>m) — for m > 2 if Oj = l^i for some i = 1, . . . , m. In particular, it follows that dg(Fi(l A )) = 0. 

Lemma 1. Any strictly unital flat A^-algebra A with unit 1 A comes equipped with a strict strictly unital morphism 
rj : K — > A, sending the unity 1 of the ground field K to 1 A . 
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This allows us to introduce the following 

Definition 4. A strictly united flat A^-algebralA^dA) with unit 1a is augmented if there exists a strictly unital 
Aoo-algebra morphism e : A — > K, s.t. e o r\ = 1. □ 

We note that the morphism eon is strict as e is strictly unital. If A is an augmented Aoo-algebra with augmentation 
e, then we call kerei the augmentation ideal of A. 

4.0.3. Aoa-modules and A^-bimodules. In this subsection (A,dA) and (B,<1b) are Aoo-algebras. 

Definition 5. A left Aoo-A-module is pair (M, djvr), where M is an object in bGjj and Am S Hom^^(£(M) , C(M)) 
is a codifferential on C(M) := T(A[1]) <g> M[l] s.t. 

d M o d M = 0. 

As in the case of morphisms and coderivations on the tensor coalgebra T C (V), the codifferential &m is uniquely 
determined by its Taylor components d^ : A[l]® s <g> M[l] — > M[l], s > 0, via 

k k — Si+1 

d M = Z £ l® j_1 (8)d2(8>l® fe_sl " :, ' +1 +^ 1 ® fe " S ®^ ) 

S1 =0 3=1 s=0 

where the d^ 1 denote the Taylor components of the coderivation d^ defining the Aoo-algebra structure on A. 
Let (M, djvf) be a left Aoo-A-module. dj^ o dj\t = is equivalent to 

k k — si+1 

Z Z (" 1 )' ld M Sl + 1 (°ll • ' ' • • • • ■ • KM + 

si=Q 3=1 

fc 

(4) ^ (-l) e M^ S2 (ai| ■ • ■ k_ S2 ,d^(a fe _ S2+1 | . . . \a k \m)) = 0, 

S 2 =0 

with ei = Ei=i(l a i| - !)> £ 2 = Et"r(ki| - !)• 

Remark 2. Wii/i obvious changes it is possible to define right A^-A-modules on the right B(A)-counital comodule 
1Z(M) = M[l] ® T(A[1]). 

If A is curved then dj^(d^(l), sm) + d M (d M (sm)) = 0, i.e. in presence of non trivial curvature d^(l), d M is not 
a differential on M[l], 

Definition 6. A morphism F : M — )■ N of left A^-modules (M, dpi), (N, djv) is a morphism F G Hom^Q (>C(M), C(N)) 
of left-B(A)-counital-comodules s.t. 

(5) Fod M =d jV oF. 

Any morphism F : M — > N of left Aoo-modules is uniquely determined by its Taylor components F n : (g) 
M[l] — ^ ^[1]- Eq. ([5]) is equivalent to a tower of quadratic relations involving the Taylor components F n , d' M , d m N 
and d^; if A is curved then 

F (d^(sm))+F 1 (d^(l),sm) = d^(F (sm)); 

i.e. in presence of non trivial curvature d^l), Fq : M[l] — > N[l] does not commute with d M and d^ (which are not 
differentials). 

Definition 7. A morphism F : M —¥ N of left-Ao^-A-modules is said to be strict if F„ — for n > 1. If A is flat, 
F is a quasi-isomorphism if Fo is a quasi-isomorphism. 

Definition 8. An A^-A-B-bimodule is a pair (M, d]^), where M is an object in bGi and dpi £ Hom b ' G (B(M), B(M)) 
is a codifferential on B(M) = T(A[1]) <g> M[l] O T(B[1]) s.t. 

d M o d M = 0. 

^For any yloo-algebra B, the identity morphism 1 : B — > B is the strict Aoo-morphism with non trivial Taylor component l 1 ^) = b, 
for every b £ B. 
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Once again, it is possible to show that the codiffcrcntial dm is uniquely determined by the Taylor components 
d k J := A[l]® k ® M[l] ®B[1]® 1 -> M[l], k,l > 0, with 

si=0 3=1 s 2 =0 3=1 

53=0 S4=0 

Then dju ° djf = is equivalent to a tower of quadratic relations similar to with due differences. In presence of 
non trivial curvatures on A and/or B, then d°^j is not a differential on M[l]. 

Lemma 2 ([H]). Let (A, d^), (_B, ds) fee A^-algebras and (M, d^) be an Ar^-A-B-bimodule. 

• If B is flat, then the family dj? : (g> M[l] — >■ Af[l] defines a left-A^-A-module structure on M. 

• If A is flat, then the family d^j : M[l] <g> -B[l]® ( — >■ M[l], ^ > 0, defines a right- A^-B -module structure on 
M. 

Remark 3. Every A^-algebra (A,dji) is an Aaa-A-A-bimodule with Aoo-bimodule structure given by the Taylor 
components d k / : ® A[l] <g) ->• uratfi 

d^ :=d^ +1 . 

Definition 9. Let (M,d M ) (N,d N ) be two A^-A-B-bimodules, with B(M) = T(A[1]) <g> ® T(B[1]), and 
similarly for B(N). A morphism of Aoo-A-B-bimodules is a morphism F € Hom^ (£(M), B(iV)) of B{A)-B(B)- 
codifferential- counital bicomodules s.t. 

F o dM = dj\r o F. 

Any Aoo-A-B-bimodule morphism F is uniquely determined by its Taylor components F k ' 1 : A[l]® k ® M[l] <S> 
B[l]® 1 -> N[l], k,l>0. Explicitly 

k I 

pk,l _ ^®k-S 3 ^ pS 3 ,S4 jgj J®*— S4 

S3=0 S4=0 

where F k ' 1 := F|^[i]8fegM[i]®.B[i]®*- If A, resp. £> are curved with curvature d^, resp. dg, then F 0,0 does not 

i jii.il 
M and d N 



commute with d^ and d°pf (which are not differentials) 



4.0.4. Units in A^-modules. Let (A, dyi) be a strictly unital Aoo-algebra with unit 1a and (M, djvf) a left Aqq-A 
module. We introduce the desuspended maps 

d / M = - S odfo( s - 1 )® / , ;>o. 

Definition 10. The module (M, djw) is strictly unital if 

df(l A ,m) = m, 

for every m G Af and d^f (a\, . . . , a n , m) = /or n > 2 urai/i a, = 1,4 for some i = 1, . . . , n. 

Similar considerations hold for right Aoo-modules. A strictly unital morphism of strictly unital Aoo-modules is an 
Aoo-morphism F s.t. 

F n (ai|...|a„|m) = 0, n > 2 

with dj = lj\ for some i = 1, . . . , n and F 1 (\A\m) — ~sm. 

Similar definitions hold for unital Aoo-bimodules over strictly unital Aoo-algebras. 

4.0.5. Homotopies of strictly unital A^-modules. Let A be a strictly unital Aoo-algebra and (M, du), (N, djv) be 
strictly unital Aoo-A-modules. Let f,g : M — > N be morphisms of Aoo-A-modulcs; we say that M and N are Aoq- 
homotopy equivalent (alternatively: Aoo-homotopic) if there exists an Aoo-homotopy between them, i.e. a bidegree 
(-1,0) morphism H e Hom^°(M[l] ® T(A[1]), N[l] <Z> T(A[1])) of counital T(A[l])-comodules, s.t. 

fh - 9h = dw R o H h + H h o d Mh • 
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4.0.6. The tensor product of Aoo-bimodules. We consider now three Aoo-algebras (A, d^), (-B,ds) and (C, dc)- Fur- 
thermore, we introduce an Aoo-A-B-bimodule {Ki^&Kt) and an Aoo-B-C-bimodule (i^2,dif 2 ). 

Definition 11. The tensor product K\®_ B K 2 of K\ and K 2 over B is the object 

Ki® B K 2 = K X ® T(B[1]) g> K 2 

in bG K ■ 

Proposition 1 ([18j). K\®_ B K 2 is endowed with an A^-A-C -bimodule structure given by the codifferential Ak x ® b k 2 
with Taylor components k 2 given by 

dxi® B ir 2 ( a l| ■ ■ ■ [om[fcl ® (6i| ••■ |&«) ® fca|ci| ■ ■ ■ \c„) = 0, m, n > 
^(01 1 ■ ■ ■ [om|fa 55 (6i| • ■ • |6 9 ) ® fe) = 

1 

s (s _1 (d^'(ai I • • • [am[fcl|6l| * * • \h)) ® • • • [69) ® tej , m > 

dxr® B K 2 ( fcl ® ■ ■ ■ IM ® fc2 l Cl l ■ ■ ■ l c ") = 

C-l) l&1 l+E *=i (l ^ J> (ki « (&i| ■ • • l b ® «~ 1 (d^ ,,n (6i+i| ■ ■ • \bq\hz\a\ ■ ■ ■ |c„)) , n > 0, 
1=0 

d K?® B K 2 ( s ( fe l®( 6 l|--'IM®fc2)) = 

^ (V 1 ^ (fci • • • \h) ® (6i+i l • • • IM ® fc 2 ) + 
;=o 

£ C _!) CI fei I -i) 4-^=! ( I ^ I -1) s g, ( 6l | ... |d* (6 i+1 | ■ ■ • |6 i+p )| ■ • • \b q ) ® k>) + 

Q<l<q 
0<p<q~l 

(6) (-1)1^1+^=1(1^1-1)^,^ (fci| . . . lh) g s -i ( d^,o (6!+i| . . . |Mfe2) ) 

Corollary 1. Let K\ be an Aoo-A-B-bimodule, K 2 an Aoo-B-C-bimodule and an A^-C-D-bimodule. The tensor 
product of Aoo-bimodules is associative, i.e. there exists a strict A^-A-D-bimodule morphism 

which induces an isomorphism of objects in bGK- 

4.0.7. The Aoa-bar constructions of an Aoo-bimodule. We consider two Aoo-algebras (A, d^t), (_B,ds) and an Aoo- 
A-B-bimodule (M, (Lm)- We recall that A can be canonically endowed with an Aoo-A-A-bimodule structure; see 
Remark 11. Same holds for B, with due changes. 

Definition 12. The Aoo-A-B-bimodule ( A®_ A M, d^® jvf) & called the A^-bar construction of (M,<1m) ie/it Aqo- 
A-module. Similarly, the Aoo-A-B-bimodule (M®_ B B, &m® b b) is called the A^-bar construction of {M,Am) o,s right 
Aoc-B '-module. 

By definition, both A®^M and M§)_ B B are Aoo-A-B-bimodules. Let A and B be unital algebras and M an 
A-B-bimodulc. Then A®_ A M is the bar resolution of M as left A-modulc. Similarly, M§)_ B B is the bar resolution of 
M as right B-module. 

Proposition 2 f|18j). Let [A, &a), (B,<1b) be Aoo-algebras and {M,&m) be an Aoo-A-B-bimodule. There exists a 
natural morphism 

PL : A® A M -> M, 

of Aoo-A-B-bimodules. If A, B are both flat, and A, M are left unital as Aoo-A-module, then the morphism p is a 
quasi-isomorphism. 

4.0.8. On the Aoo-bar construction: a remark. We continue our analysis of the Aoo-bar constructions and the mor- 
phisms 

fi A ■ A® A K -)• K, p B ■ K® B B -> K 

of strictly unital Aoo-A-B-bimodules introduced in the above subsection. In the following lemma we restrict to the 
case of augmented associative algebras with zero differentials as they will appear later on. 

Lemma 3. Let (A, (1a) and (B,ds) be augmented associative algebras with zero differential and (K,dK) be a strictly 
unital Aoo-A-B-bimodule. 
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There exists strictly unital quasi- isomorphisms 



of Aoc-A-B -bimodules. 
Proof. We denote by 



K A® A K, K K® B B, 



A + := kere^, B + := kere^ 



the augmentation ideals in A, resp. B, denoting by 6a resp. cb the augmentation maps on A, resp. B. We recall 
that the augmentation maps are morphisms of algebras. So the augmentation ideals are subalgebras. 
We prove the first statement. The second is similar. Let 



A® A+ K = 0A® A+[l]® n ® K, 



n>0 

be the normalized bar resolution of K. A® A K is a strictly unital Aoo-A-S-bimodule. There exists a strict quasi- 
isomorphism 

I : A® A+ K ->■ A® A K 

of ^4oo-v4-_B-bimodules; it is the natural inclusion. The quasi-isomorphism K — > A®_ A K is the composition 

K 4 A® A+ K -4 A® A K 

where the (bidegree (0,0)) morphism $ is given as follows. Its (n, m)-th Taylor component : <g)if[l] ® 

B[Vf m ->• [A® A+ K)[l] is simply 

$n, m = St> ®n,m ° [S ) 

with 

$„ t m(ai, . . . , a n ,k,bi, . . . ,b m ) = if m > 1, 

and 

ffi , „ .n / (-l)S?=i(l° 1 l- 1 )(l ) oi,...,o T ,,fc) if Oi e A+, for alH = l,...,n. 

$„, (a 1; ...,a rl ,fc)-| Q otherwise 

Note that "I^o is of bidegree (— n, 0); $ is strictly unital by construction. To check that 
(7) i>od K =d A0 K ol>; 

— A + 

is straightforward. We need to consider (0 on all the possible strings of elements (ai | . . . |a m |fc|6i | . . . \b n ) G T(A[1]) ® 
if [l](g)T(5[l]), n, m > paying attention whether (oi| . . . \a n ) G A+fl]®" or sat e K[l], for some i. As $o.o(l) = 
then $ is a quasi-isomorphism. □ 

Corollary 2. Lei A, £? and K be as above. 

• K and A®_ A K are homotopy equivalent as strictly unital Aoa -A-B -bimodules. 

• K and K®_ B B are homotopy equivalent as strictly unital Aoo -A-B -bimodules. 

Proof. We prove the first statement; the second is analogous. We want to show that there exists a strictly unital 
Aoo-homotopy H : K —> A®_ A K of ^4 00 -^4-£?-bimodules, s.t. 

<to{i A = 1 + &a® a k ° H + H o d A ® A K, 
MA°$ = 1, 

denoting by \x A the A^ -morphism appearing in prop. [Hand by $ the one appearing in lem. G3 The bidegree (—1,0) 
Taylor components # ro , n : A[l}® m ® {A® A K)[1] ® B[l]® n -> (A® A iT)[l] are given by ff„, m = if m > 1, and 



•ffn,o(oi| ■ • ■ |an|(a,a'i| ■ • ■ \ a 'q,k)) 



s(l, ai| . . . |a n |a|a^| . . . a^, fc) if <Zj £ A +1 for all i = 1, 
otherwise 



^ o $ = 1 easily follows as if is strictly unital. The equality involving H is long to prove, but straightforward. By 
definition, the identity 1 is a strict and strictly unital Aoo-morphism. □ 
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5. The triple (A, K, B) 

Let X be a finite dimensional vector space over the field K = R, C. In [5] it is shown that, choosing a pair (U, V) of 
subspaccs in X, then it is possible to introduce a pair (A, B) of ^loo-algebras associated to the subspaces themselves 
and an ^oo-bimodule K associated to the intersection U n V. Choosing (U, V) = (X, {0}) we arrive at the pair of 
^oo-algebras 

A = S(X*), B = A(X), 
A and B are objects in bGu; let us discuss their bigrading. We put 

A = ^^Aj, Ai = A\, 

i>0 

where A; denotes the vector space of homogeneous polynomials of degree i. It follows that Aq = Aq = K. A is 
concentrated in cohomological degree 0. The Aoo-structure on A is encoded in a codifferential d^i whose only non 
trivial Taylor component is d^ : ^4[1]® 2 — > A[l]. For the exterior algebra B we put 

B = 0B\ B i = B i _ t , 

i>0 

with B l _ i :— A l X. A bihomogeneous element b G B % has bidegree (i,—i). Also in this case Bq = Bq = K. The 
Aoo-structure on B is encoded in a codifferential ds whose only non trivial Taylor component is d^ : £?[1]® 2 — »■ B[l]. 
In summary, the generators of B are bihomogeneous of bidegree (1,-1); the dual generators in A are bihomogeneous 
with bidegree (0,1). Both A and B are augmented A^-algebras with augmentation ideals A + = i>x A® and 
B + = iM B^i- Moreover 

Proposition 3 ([3]). Let X be a finite dimemnsional vector field over K, A = S(X*), and B = A(X). There exists 
a one- dimensional strictly unital A^-A-B -bimodule K which, as a left A-module and as a right B -module, is the 
augmentation module. 

The A x -A-B-b\modu\e structure on K is specified by a codifferential dx , with Taylor components d^' : A[l]® fe ® 
K[l] ® B[l]® 1 -> K[l). We remind that, by definition, d K (and so d^ , for every k, I > 0) is of cohomological degree 
1. The explicit construction in terms of Feynman diagrams implies that d k ^(ai\ . . . |afc|l|&i| . . . \bi) is non vanishing 
iff 

k I 

(8) J }Tdega i = ^2\bi\ = k + l-l, 

i=l i=l 

where dega^ denotes the internal degree of the homogeneous polynomial a,; £ A and \bi\ the cohomological grading 
of bi e £>l bi L But ([SJ implies that d k ^ is of degree w.r.t the internal grading on A, B and K, for every k, I > 0: we 
recall that suspension and desuspension do not shift the internal degree. 

The explicit construction of the codifferential dx implies that K is a strictly unital Aoo-A-S-bimodule. 

5.0.9. On the Keller condition for (A, K, B). We return to a more general setting. 

Definition 13. Let (A, and (B, ds) be flat Aoo-algebras and (K, dx) be a right Aoc- B -module. We set TZ(K) :— 
K[l]®T(B[i\). (Endg (if), d^nd^ (K) ) * s the flat A^- algebra defined as follows. As bigraded object 

End B (X) := Rom hGK (n(K),K[l}); 

the codifferential dgnd («■) has non trivial Taylor components 

d|nd B (K) - -sodos-\ %) = (-l)l* 1 (^d K )+d Jf o»,, 

(9) ^ b{ k){^) = (-l)l^o </>)■ 

We can define ( End A (K) , dgnd ( k) ) almost verbatim. 

Proposition 4 ( 15j, S\). Let (A, dx) and (-B,ds) be flat A^-algebras and {K,dx) be a right A^- B-module. K is 
an Aoo-A-B-bimoduldQ if and only if there exists a morphism 

L A : A — » Endg (if) 

of Aao-algebras. 

2 We define a codifferential Dj{ s.t. = d^-, for every I > 0. 
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Proof. A detailed proof can be found in [3]; here we sketch it. Let (K, (Ik) be endowed with an Aoo-A-B-bimodule 
structure Djf s.t. = d l K . The maps 

(10) L^(ai| . . . \a k ) G Egd B (K)[l], L A (at\ . . . \a k ) := s o C A (ai\ . . . \a k ) 
with C A (a\\ . . . \a k ) of bidegree (1, 0) given by 

(11) C A (ai\ . . . |o fc )(l|6i| . . . \b q ) := d£'(oi| . . . |o fc |l|6i| . . . \b q ), 

are the Taylor components of an Aoo-algebra morphism L A '■ A — > End B (K), for every (ai | - - - G A[l]® fe , 
(l|&i| ■ • ■ \b q ) G K[l] <g> B[l]® q and k > 1, q > 0. Viceversa, let L^ : A Endg(.R') be an A^-algebra morphism 
with Taylor components as in (fT0| . Then the maps in (fTTj) are the Taylor components of a codifferential Dk 
on T(A[1]) <23 K[l] £S> T(£?[l]), extending the given right Aoo-B-module structure on K . □ 

We call L A in prop. 0] the derived left A-action. A similar statement can be proved in the case of the derived right 
i?-action, i.e. the ^loo-algebra morphism Re : B op — > End A (K) with obvious Taylor components. The Aoo-algebra 
B op has Aoo-structure canonically induced by the one on B, but the signs are not trivial. We refer to [27] for all 
details. 

Definition 14 (|10jL Let (A, d A ) and (B,ds) be flat A^- algebras and (K,dx) be an Aac-A-B-bimodule. The triple 
(A, K, B) satisfies the Keller condition if the derived actions 

L A : A ->■ End p (K), 

and 

R B : B op -» End 4 OH. 

are quasi-isomorphism of A^- algebras. 

5.0.10. The Keller condition for the triple (A, K, B). Let (A, K, B) be the triple of bigraded Aoo-structures given in 
section El The bigrading on the triple (A, K, B) is such that 



EndfffiO = 



i + j < 

Hom£'° (K[l}^B[l]^,K[l}[i\(j)) i + 3>0 



Note that End ^ (K) = IK and d^ 1 G End ^fiQ. Similar considerations hold for ~End A (K). The derived left action L A 
preserves the internal grading, by definition. Moreover, for every k > 1 and (ai| . . . \a k ) G ^4[l]® fc , then L J 4(ai| . . . \a k ) 
is an element of End g' m (JO, with (n, m) := (—k + 1, Ei=i degaj). 

For any I > and (1|6 X | . . . |6j) G {K[l} ® . wi t h (M) = H- + Ej=i N " ^ " ELi we have 

L A ( ffll | . . . |a k )(l|6i| • ■ • \h) := d^(ai| . . . |a k |l|&i| . . . |6,) G (^ [l]C + + a b . 

This implies that 

i k i 

n + a + l = 0^>^2 \ b i\ =k + l-l, m + b = 0=> ^degai = \bi\. 

i—1 i—1 i—1 

k 

In other words, the wordlength I is uniquely determined by the constraint I — 1 — k + z2i=i dega^, for any choice of 
(oi| ... \bi) G (.B[l])® as above. This analysis applies to Kb, with due changes. In [3] it is shown the important 

Proposition 5. The triple (A,K,B) given is section^ is s.t. the derived left A-action h A and the derived right 
B-action Hb are quasi-isomorphism of strictly unital A^- algebras. 

As in the proof of proposition [3] we introduce the notation 

C A (ax\ . . . \a n ) G End g m (if), C A (ai\ . . . |a„)(l|6i| . . . \b q ) = d^ 9 (ai| . . . |a n |l|6i| . . . \b q ), 

i.e. La (ai| . . . |a„) = so C A (ai\ . ■ . \a n ) and r = E™=i(l a il - 1) + 1, m = E"=i dega^. We note that C A (ai\ . . . \a n ) is 
of cohomological degree +1. A = S(X*) is canonically endowed with a strictly unital Aoo-A-A-bimodule structure 
d A whose non trivial Taylor components are d^' ' 1 = d^' 1 ^ — ~d\. 
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Proposition 6. There exists a strictly united Aoo -A-A-bimodule structure dE n d B (k) on End B (K) such that the derived 
action J^a descends to a quasi-isomorphisms of strictly unital Aa^-A-A-bimodules. dE n d fl (i<") ^ as Taylor components 

jO.O Q -1 

d End B (K) = - S ° d End B {K) " , 

^End B (K \<P) =5oD End B (g)( a l|---l a "ly ; )' ( U ^ X ) 

^Z B (K)( ( P\ a l-\ •■• 1°™) = S ° D E^ B (X)(^l a ll ■•■ 1°™)' ( m ^ 1 ) 



%nd B (-g)(y) = (-1) M + V "djf +djf 

d Im b (k)(«iI • • • = (-l^^-v-'CAiail . . . K) o 

D ^ B (if)(yl Q i| • ■ • 1°™) = M)'^ ° £-A(ai\ . . . |a m ), 
and <i^"] (K) = 0, otherwise. 



Proof. See Appendix A. □ 

It can also be verified that the derived right-B action Rb descends to a quasi-isomorphism of A 00 -B op -B op - 
bimodules. 



6. Aqo-MORITA THEORY 

6.0.11. On thm. 5.7. in [27] . In this section we study the Aoo-Morita theory for the triple (A, K, B). Our approach 
to the Morita equivalence is purely A m ; all we need is the Aoo-A-B-bimodule structure on K we described in the 
previous section to prove the equivalence of certain triangulated subcategories of Aoo-modules in the derived categories 
D°°(A) and D°°(B) of A and B. The functors giving the equivalences are defined through the Aoo-tensor product of 
Aoo modules and bimodules. The formalism is quite simple, using the associativity of the Aoo-tensor product. The 
main advantage in using such "pure" Aoo-approach is represented by the fact that the computations which follow 
are all explicit; the quasi-isomorphisms of ^oo-bimodules which are the core of the equivalences are induced by the 
Keller condition on (^4, K, B). 

6.0.12. On some bigraded Aoo-modules. Let M be an ^oo-^-iJ-bimodule and N be an J 4 00 -i?-C'-bimodule, where A, 
B and C are ^oo-algebras. We have already introduced the j4 00 -A-.B-bimodule (,8b (M), <1b b (m))i where Bb{M) := 
M®_ B B, calling it the Aoo-bar construction of M as right A oo-B -module. It is an Aoo-right-S-module. If B is a 
differential bigraded algebra, then Bb{M) is a right-i?- module. Note that A and B are not necessarily augmented. 

Similarly, (bB(N), d BJ g( W )), with bB(N) := B® B N, is the A^-bar construction of N as left Aoo-S-module. It is 
an Aoo-left-B-module. If B is a differential bigraded algebra, then Bb(M) is a left-i3- module. 
The following lemma is almost tautological, but it is helpful to fix notation. 

Lemma 4. Let A, C be flat A^-algebras, B be a unital associative algebra and (N, d^r) be Aoo-B-C-bimodule. If 
(M, djvf) is an A^-A-B -bimodule such that d^j = if (k, I) ^ (0, 0), (0, 1), (fc, 0) and it is unital as right B-module, 
then there exists a strict Aqq-A-C -bimodule isomorphism 

(12) M® B N = M® BB B{N). 

The ^loo-A-C-bimodule M ®b bB(N) in lem. H]is given as follows. As bigraded object we have 

(M ® B B B{N))i := M$l ® B B{N)f a /Qi, 

i 1 +i 2 =i J 
■71 ~\~32 —3 

where Q) = n+i2=iJl+j2=J - Q n (Afj* ® B B{N)J 2 ) and Q denotes the submodule in M® B B(N) generated by 
elements of the form m ■ b ® B — m ®b ■ B , with m € M, b G B and B G bB(N). M ®_b bB(N) is endowed with an 
^4oo-^4-C-bimodule structure given by a codifferential dM® BB B(N) with Taylor components 

a M® BB B{N)~ SOU ° S ' a M® BB B(NY a M® BB B(N)> 
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with 71, m > 1, S.t. 



V^°(m ® B B) = s-\&°j${sm)) ® B B + (-1)H TO 0B s" 1 ^ (JV) (sB))), 



^M® B BB(JV)( a ll • • • l a ^K m ®5 B)) = s(s VmKI . . . \a r \m)) ® B B), 
^Z BB B {N) (( m ®b (6® 6i| . . • \b q ® n))|d| . . . | c^) = (-ijM+W+EUCIM- 1 ) 
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s(m ® B (b®h \ . . . |6 g /| <g> s~ 1 (d^"(6 g ' + i| . . . |6 g |n|ci| . . . |c m )))), 

«'=0 

and zero otherwise. 

Remark 4. Exchanging the role of M and N in lemma^we can describe the strict A^-A-C -bimodule isomorphism 

M® B N = B B (M) ® b N. 

Remark 5. In what follows we only consider the triple (A,K,B) of bigraded Aoo-objects with Aoo-algebras (A, d^) 
and (B, d B ) s.t. A = S(X*), B = A(X) and A^-bimodule (K, d K )> K = K. 

6.0.13. On the right derived A^-module K_. Let Bb{K) ■= K® B B denote the bar construction of K as right B- 
module. By definition, 

®b(K)) :=0(iir®B[l]®«<g)B)}. 

q>0 

and 

K (KY -/ i+3>0, 

-i \ K® {B[lf-^ ® B)) i + j <0. 

We have also the isomorphism B B (K) = M ® B in bG K , where Mj = g>o X ® = X <g> (B[l]®-( 4+ ^)j. 

Definition 15. 77ie rigM derived dual module K_ of K is the object 

(14) K = Hom B (Bb(K), B). 

in bG|(. 

We recall that, for every pair M, N of right £>-modules, then Horns [M, N) is the object in bGu with bihomoge- 

i,j 

bG, 



neous components Hom^ (M,N) = {tp 6 Hom^ (M,N), ip right i?-linear} 



Lemma 5. K_ can be endowed with a strictly unital Aoo-B-A-bimodule structure &k with Taylor components given 
by 

10.0 ci -1 

d K = — s o Ok_ o s , 

d^%) = S oD^°(%), 

d£ m (<p|ai| . . . | a™) = s o D£ m (<p|ai| . . . |a m ), 

with 

%(^) = (-i) M ^°4' flW ' 

D^°(%)(1, 6i| . . . |6„ 6') = (-l) |h| 6 • ^(1, h\... \b q , b'), 
B°£(cp\a 1 \...\a m )(l,b 1 \.-.Kb') = 

( _l)l^|-i+Er=x(l«*l-i) £ ^"^'(ail . . . |a m |l|6i| . . . IV), V+il • ■ • 

?'=0 

and dg',^ = — s o a^ B , K s o s^ 1 , d^ m = 0, otherwise. 

Corollary 3. (JT, dA') is a strictly unital differential bigraded left B-module; we have a strict isomorphism 

l B K = B B {K) ® B K 



of strictly unital Aoo-A-A-bimodules. 
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6.0.14. On the quasi-isomorphism A — > K®_ B K . 

Definition 16. Ends (Bb (K)) is the object in dGk with bihomogeneous components 

(15) End% j (B B (K)) = Hom°/(^ B B, (K® B B)[i]{j)). 

Lemma 6. Ends (Bb (if)) can be endowed with a strictly unital A^-A-A-bimodule structure dsnd b (Bb{K)) with 
Taylor components 

^End B (B B (K)) =SO d EndB ( BB{K)) o s _1 , 

dE°„d B (f5 B (X))( a ll .-. |Oi|v) = *° D E„d B (B B (K))( a ll ' ■ • 1°^), 
d E 'rd B (B B (K))(^l a ll ' • • = S ° D Er dB (B B (K))(^l a ll • • ' K)> 

<9 E nd B (S B (if))(^) = (-1) M </? ° 4 B (/f) " 4b(K) ° V' 
D E°„d B (S B (K))( a ll ■ ■ • hNO^ • ■ • IV 6 ) = 

(-l)EU(KI-D-i s -i(dW . . . |a^(l, 6x| • ■ • IV 6))), (i > 1) 

D End B (f3 B (if))M a ll ' ' • l«m)(l,&l| • • • IV &) = 

s ~ W(«il • ■ • lamlllftxl • ■ • IV)), V+ll • ■ • IV b), 

q'=0 

and dg g , K ^ = — s o Og B r K \ ° , where djg g fjQ is given m proposition^ ^End B (i3B(K)) = otherwise. 
Let (End B (X), dEnd B (K)) be the strictly unital ^oo-A-A-bimodule described in prop El 

We recall that the bar resolution Bb{K)) = K®_ B B is homotopy equivalent to K in bGu (but not as right 
bigraded £?-modules) ; the maps giving such homotopy equivalence are the projection p : K®_ B B — > K and the 
inclusion i : K ->■ K® B B, with p(l,6) = 6(0) and p(l, b\\ . . . |6 9 , 6) = for g > 1. 

Proposition 7. (End b(Bb(K)), dEnd B (g B (if))) ( End g (AT) , d g^d (K) ) are homotopy equivalent as strictly unital 
Aoo-A-A-bimodules. 

Proof. We define the strict (and strictly unital) morphism "H : Ends (,8b (if)) — > End B (K ) of strictly unital Aoo-A- 
A-bimodules, via T~L = s o H o s -1 , where, for any (i,j) 6 Z 2 , H : End^ (Bb(K )) — > End ^ J (K) is the composition 
H := (s o 1 o s _1 ) oV oX, denoting by I and V the morphisms 

Hom^°(B B (X),B B (X)W(j)) 4 Hom £ K (K®T(B[l}),B B (K)[i\(j)) 

4H 0m °£ K (tf®T(B[l]),X[i]^ 

with X(y>) (1,6 X | . . . |6g) := y>(l,6i| . . . |6 9 ,1), V(tp) :=pof More explicitly, if ip £ End% j (B B (K)), then 

(16) (^)(l|6i| • • • \h) = *((¥>°(1, fell ■ • • IV 1))(0)), 

denoting by <p°(l, 6x| . . . |6 9 , 1) the projection of <p(l, bi\ . . . \b q , 1) onto K ® B. 
To prove 

H O d E „d B = d End B (/f) ° W 

is straightforward; the only issue is represented by the signs; all details are contained in [?]. □ 

Proposition 8. (K®_ B K , dra^ k) and (End b(Bb(K)), <^End B (B b (K))) ar & strictly isomorphic as strictly unital Aqq- 
A-A-bimodules. 

Proof. We recall that Bb(K) = M ® B in bGi&. The strict isomorphism of ^oo-A-A-bimodulcs 

Q : B B (K) ®BK^EndB(B B (K)), 
with Q = s o G o s is given as follows. The morphism G is defined by the commutative diagram 
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B B (K)® B Hom B (B B (K),B) End B (B B (K)) 

b II 

(M ® B) ® B Hom bGK (M, B) Knd B (B B {K)) 
r 2 i 
M ® HombG K (M, B) ~ ) Hom bG , t (M,M®B) 

in bGu, where 

(17) G(m,ip)(m') :— to ® ip(m'), 

and 71, 72, I denote the obvious isomorphisms. Note the sign in 
More explicitly 

(18) G((m ® 6) ® B <p)(m' <g> 6') := (-1)M+H+M m <g> &^(m' <g> b'). 

By definition, G(Qj) = for every G Z 2 , where is the submodule in (B B (K) ® Uom B (B B (K), B))) 

introduced in the proof of lemma |U So G is well defined, as morphism in bGjj- Note that T^iQ)) — 0, as well. 
G is an isomorphism in bGK; so G is an isomorphism in bGu as well; in fact M is an object in bGx with finite 
dimensional bihomogeneous components Mj = K ® (-B[l]®~(* +J ))*-, for every i, j G Z 2 . We finish the proof of 
proposition[H]by checking that G is a chain map and commutes with the left and right Aoo-A-actions on B B (K) ® B K_ 
and Ends (B B (K)). The only issue is represented by the signs appearing in G and in the Taylor components of the 
codifferentials on B B (K) ® B K_ and End B (B B (K)), In particular, the non trivial sign in (fTSj) is necessary to prove 
compatibility between G and the right ^loo-module structures, i.e. 

^End g (if)(£(( W ® 6 )) ® S ■ • ■ 1°™) = ^B^tf)®** ((( m ® 6 ) ®B tp)\ai\... \a m ), 

with l.h.s. equal to ( applying it on m' <g> 6' with m! ®b' = l,b%\ . . .\b q ®b') 

9 

to ® &<p(s -1 (d|J' 9 ' (ai| . . . |a m |l|6i| . . . |£y)), b q > \ . . . \b q ,b'), 

q'=0 

and r.h.s. equal to 

(_1)H+H£(( m 8 6) ® B a -i(d^ m (v?Ioil. . . |a m ))) = (_i)M-i+E£i(K|-i) m ® & . fl -i(d°J. m (^|ai| . . . |a m )(l, & x | . . . |6„ 6' 



The Taylor components d^ m generate the sign (— 1)M+X}£i(l n il x ) 1 j so we are done. 



□ 



We summarize the results so far into 



Corollary 4. (K® D K, Ak m w) afid f End gfiD. dE n d B (iC))) are homotopy equivalent as strictly unital A^-A-A- 
bimodules. 

Proposition 9. There exists a strictly unital quasi-isomorphism 

A ->■ K® B K_ 

of strictly unital Aoo-A-A-bimodules. 

Proof. Just compose the homotopy equivalence in the above corollary with the left derived action La- Q 

6.0.15. On the quasi-isomorphism B — > K_®_ A K . Following the example of K_, we can introduce the left derived 
bimodule 

~K = H.om A (A(3 A K, A). 
As A[l] is concentrated in cohomological degree —1, then 

K = A® N 



in bG K , with Nj = if i > 0, N§ = K and 

-i-times 



N j = (All})- 1 ® ■ ■ ■ ® (All])J_\ 

jiH hj-i=3 

for any i < 0. Every bihomogeneous component of iV is finite dimensional. In what follows aB(K) :— A®_ A K. 
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By definition, K is a strictly unital Aoo-B-A-hivciodule with codifferential d^ whose Taylor components are given 

by 



with 



d^? = -so%os \ dt^(bi\...\b k \ip) = soD^°(6i|...|6 fe |< / 9), d^(ip\a) = s o D^^a), 
%(y) = (- 1 ) M( P°d fB(K)^ 

D^(h\ . . . \b h \<p)(a, ax| . . . |a„ 1) = (-ijtH+W+ELd^l-^XELd^Ml+D 



V?(a,ai|. . . |a g _ 9 >,s M^* (a g _ g < + i| . . . |a g |l|6i| . . . \b k )), 

q'=0 

D| 1 (^|a')(m) = (-l)M+l a IH^( m ). a5 



where d '^,^ = —s o d u ' l i, r ,N os 1 and d-^ m = 0, otherwise. 

AO(K) AO(K) K 

To check that (K, d-^) is a a strictly unital Aoo-iJ-A-bimodule is long but straightforward. 

Definition 17. End a{aB{K))° p is the object in bGu with bihomogeneous components 

End«UB(*0r = Uom°/(A® A K, (A® A K)[i){j)). 

Lemma 7. EndA(AB(K)) op can be endowed with a strictly unital A^-B-B-bimodule structure d-End A ( A B(K))"p with 
Taylor components 

4nd A ( A e(if))»f = ~ S ° d End A ( A B(K))"P ° S~\ 

a E°„d A (^B(K))-( 6 ll ' ' ' = » ° D E„d A (^B(K))°p( 6 ll ' • ' l 6 '^), 



with 



DE „ d . U6W ) OP (&il ■ • ■ M?)(«,ai| ■ • ■ K 1) = (-IJdrt+N+EUd-il-WCUCW-D+i) 

8 

^2 <p(a,ai\ . . . \a q >,s~ x d q K q ' (a q >+i\ ■ ■ ■ |a g |l|&i| . . . \h)), {I > 1) 

q'=0 

B( iCd A ( A B(K))°p • • • \b m )(a,ai\ . . . \a q ,l) = 

( _ 1) (|a|+EL 1 (l^l-i))Er= 1 (l^l-D d o,- w((/ , (a)ai | . . . K . . . | 6m)) (m > 1} 

and d^g,^., = — s o ° s S where d°J^, K ~. is given in proposition^ and d^d A ( A grK-)w — 0, otherwise. 

Proposition 10. (K® A K, d-^^ K ) and {EtoAa{a^{K )) op , d-End A ( A B(K))°p) strictly isomorphic as strictly unital 
Aoo -B-B -bimodules. 

Proof. The proof is similar to the one of prop. [51 with due changes. □ 

Proposition 11. There exists a strictly unital quasi-isomorphism 

B -> K® A K 

of strictly unital A^-B-B -bimodules. 

Proof. Just compose the homotopy equivalence in the above prop, with the right derived action Re. □ 
6.0.16. Aoo-Morita theory for the triple (A,K,B). 
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6.0.17. On the functors. Let us consider the functors 

F' : Mod 00 (A) Mod£ rict (£), G' : Mod oc (B) Mod^" ct ( A) , 

given by 

F'(M) := M^isT, G'(iV) := 7V® B; K, 

on objects M e Modoo(A) and TV e Mod 00 (B), while on morphisms / : Mi — > M 2 in Modoo A and g : Ni -} N 2 
in Modoo B we set 

F'(f) := M X ® A K -> M 2 ® A K, G'{g) := N X ® B K -»• JV 2 ® B X, 

with 

*"(/) : = ( s_1 °f °s)®l, G'(<?) := (s" 1 oGos)®l. 

Wc have denoted by F : ft(Afi) -> TZ(M 2 ), respectively G : K(Ni) -> ft(iV 2 ), the unique lifting of / (resp. g) 
to a T(A[l])-counital-comodule morphism, respectively a T(£?[l])-counital-comodule morphism. In this notation, 
TL{M\) := Mi[l] ® T(v4[l]) and similarly for 1Z(Ni), with due changes. Let J 7 and £ be the functors given by the 
compositions 

T : Modoo (A) K Mod s ^ lct (B) A Modoo (B), 

and 

G : Modoo (S) 3 Mod£ rict (A) A Modoo (A), 

denoting by i the inclusion of the subcategories Mod* ,d (4) (resp. Mod^" ct (-B)) in Modoo -4 (resp. Modoo (B)). 
We remark that Mod^ nd (i) and Mod* id (S) are not full subcategories. 

If two morphisms / and g in Modoo {A) are (-Aoo - ) homotopic, then we write / ~ g. An analogous notation holds 
true in Modoo(-B). If the homotopy between / and g is strict, then we write / ^strict g- 

Lemma 8. a) Let f ~ g in Modoo A, resp. in Modoo B. Then 

F'(f) ~ stnc t F'(g), 

m Mod* !d B, resp. 

G'{f) ~ strict G'(g), 

in Mod* !Cf A. 

b) The functors F' and G' send strictly unital homotopy equivalences to strict and strictly unital homotopy equiv- 
alences. 

Proof. Part a). Let f,g:M—^N with / ~ g in Modoo (A), i.e. / — g = d^h + Mm, where h : M — > N is a strictly 
unital Aoo-homotopy. By definition, h is a degree —1 map with components h n : M[l] Cg) ^[l] 18 " 1 — >• iV[l], n > 0. We 
claim that H : M® A K -)• N®K, where 

if := (s -1 o fto s) (8) 1 
and H n — for n > 0, is a strict Aoo-homotopy between F'(f) and F'(g), i.e. 

(19) - = djv^x oH + Ho & M ® A K. 
Eq. p^|) is equivalent to 

(20) (F'(/) - F'(g))(s(m, a x \... \a q , 1)) = (dw®^ oH + Ho d Mf/ )(s(m, ■ ■ • |o„ 1)), 
and 

(21) = (djv®^ o H + H o d M ® A K)((m,ai\ . . . \a q , l)\h\ . . . \h), 

for every q, I > 0. Let us consider at first eq. (|20|): on the l.h.s. we have terms involving the Taylor components of 
the codiffcrcntial &m on M and the Aoo-homotopy h by the homotopy hypothesis / ~ g\ all we need to prove is that 
on the r.h.s the terms involving the Taylor components of the codifferential &k on K cancel. This is true because 
these terms appear in 

E E (-l) 1+|m|+n - 2(Khl) ((VK 0l | . . • , a qi )\a qi+l \ . . . | a ,_, 2 ,d«(a,_ ga+1 |...| ag |l)) + 

9i=0 92=0 

E E (-l) |TO|+(NI_1) (A«(m,oi| . . . KW+il . . . |a g _ 92 ,dg(a g _ g2+1 | . . . | 0g |l)) = 0, 

91=0 92=0 
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as the Aoo-homotopy h has degree —1. Eq. ([21]) is equivalent to 

= di\r® A if( s_1 (V( TO l a ll • ■ • |ogi))Ki+i| • ■ • + 
gi=0 

(-l) 1+ H+£S 2 (KI-i) ff(m | ai | . . . |a g _ g2 ,df ' Z K_ 92+1 | . . . \a q \l\h\ . . . \h)), 

92=0 

which is verified by the same argument we used for eq. (PPT) and (j2"Tj) . The case / ~ g in Mod oc (B) is similar. 

Part b). The morphism / : M — >■ N is a homotopy equivalence in Modoo ^4 if there exists a morphism g ; N M 
in Modoo (A) s.t. /o j ~ 1 and 3 o / ~ 1. We denote by /ii : JV — »■ TV, resp. /12 : M — > M the Aoo-homotopies 
between / oj and ljv, resp. go/ and Iaj. We want to prove that 

*"(/) ^'(<?) = 1 + d N ® A K oH x + H x o d N ® A K, 
F '{g) o F'(f) = 1 + d M ® A A' o H 2 + H 2 o d M ® A K, 

with strict Aoo-homotopies 

Hi :— (s _1 o o s) ® 1, 

for i = 1,2. Using the proof of a) we get the statement. The case for G' is similar. □ 

6.0.18. On the derived categories. In this section we introduce the derived categories D°°(^4), respectively D°°(_B), 
of right unital Aoo-modules over A, respectively B, with strictly unital Aoo-morphisms. Using the theory of closed 
model categories it is possible to prove 

Theorem 6 (K. Lefevre-Hasegawa, |12| ). Let A be an augmented Aoo- algebra^; quasi- isomorphisms in Modoo {-A) 
are homotopy equivalences of strictly unital Aoo-A-modules. 

This results implies that 

D°°(A) = ModooCA)/ ~, 

and similarly for D°°(_B). In this setting quasi- isomorphisms of strictly unital Aoo-modules are already isomorphisms 
in the homotopy categories; no localization is needed. The main advantage is represented by the explicit structure 
of the morphisms in the derived categories themselves; no "roofs" manipulation is needed. 

We discuss now the triangulated structures on the derived categories. The direct sum of two objects in Modoo (A) is 
again a strictly unital Aoo-module; the cohomological grading shift functor E(M) := M [1] in actually an endofunctor 
on T)°°(A) and D°°(B). It follows that £(•) := -[1] is an autoequivalence of T>°°(A) and D°°(B). More precisely, 
let (M, c/m) be an object of T)°°(A). The bigraded object M[l] can be endowed with a strictly unital A x -A module 
structure as follows. The codiffcrcntial djv/[i] has Taylor components : (M[l])[l] ® B[l]® 1 — >• (M[l])[l] given by 

dM[i] = -sod^o( s ~ 1 «)l). 

Proving that d^^ = is a straightforward sign-check. Given any morphism F : M[l] — > N[l] in D°°(A) with Taylor 

components (of bidegree (0,0)) F l : M [1] ® B[l]® 1 -> N[l], we get the induced morphism F : (M[l])[l] -> (iV[l])[l] 
in Modoo (A) with Taylor components 

F l = sof'o(s" 1 0l). 

Once again, the proof of F o (1m[i] = djvm o F is a straighforward sign check. Same considerations hold in D°°(_B). 
The inverse functor is given by S _1 (-) = •[— 1]. 

Definition 18 ([12]). The triangulated structure on the derived category D°°(A) is given as follows. The autoequiv- 
alence S is simply the (cohomological) grading shift functor E = [1], The distinguished triangles are isomorphic to 
those induced by semi-split sequences of strict Aoo-morphisms 

M -4 M' -4 M" 

in Modoo A , i.e. sequences such that 

(22) 0-)M4 M' 4 M" -> 

is an exact sequence in bGjj, and such that there exists a splitting p G HombdfW , M) of f with 

pod\ I = A l M ,o{pd)l^- 1 ), i>2. 

"^Augmentation w.r.t. a ground field K of characteristic 0. 
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For the derived category of B the definition is analogous. The splitting p in the exact sequence ([22|) does not 
commute with the differentials d M and d° M ,, in general. The above exact triangles endow D°°(^4) with a triangulated 
category structure; the proof is contained in thm. 2.4.3.1 in |12j : the idea is induce the triangulated category 
structure on T)°°(A) by using the one on D(UA), denoting by UA the enveloping algebra of A; by definition UA is a 
differential (bi)graded algebra we refer to [H], [5T] for all details; its derived category T>(UA) is a well-known object. 
The equivalence of categories T)(UA) — > T)°°(A) becomes then an equivalence of triangulated categories. 

Let X — > Y — >• Z — > X[l) be a distinguished triangle in D 00 (A); it is isomorphic to a triangle of the form 

M A M' A M" -4 M[l], with M 4 M' A M" satisfying the hypothesis of the above definition. In more detail, let 

0->Af4 M' A M" -> 
be a semi-split exact sequence with /, g strict, and splitting p : M' — > M, p o / = 1. This implies that 

M'i Si M) © M"] 

as vector spaces over K, for any (i, j) S Z; in virtue of this we assume that M' = (M©M", djvfeM")) where &m@M" = 
(djvr — h, d.M")- It follows that (1m® M" °&m®m" = if and only if h : M" — s> M[l] defines an Aoo-morphism of strictly 

unital Aoo-A-modules. Thanks to this, we will consider the semisplit exact sequence — > M A M' A A/" — s> with 
i and p the natural inclusion and projection (which are strict morphisms in D°°(A)), and complete it to the exact 
triangle 

(23) M A M' A M" A M[l]. 

A small memento; in section [8.0.35l we will discuss the triangulated structure on some "deformed" derived categories 
of topologically free modules; some examples will be given: taking there the "limit" h = we obtain further examples 
of exact triangles in D°°(A) and D°°(B). 

6.0.19. On the functors J- and Q . Collecting the results on the derived categories of A and B and the definitions of 
the functors T and Q we arrive at the pair of functors 

T : D°°(A) A' Mod^" ct (5)/ ~ strict 4 T)°°(B), 

and 

Q : D°°( J B) % Modf ld (i)/ ~ str . lc A D°°(A), 

with a little abuse of notation. 

Proposition 12. Let {F,Q) be the pair of functors introduced above. Then J 7 (A) ~ K, T(K) ~ B, in D°°(B), and 

g{B) ~ ~ a m t>°°{A). 

It follows that 

F{G(K)) ~K in D°°(S), g{F{A)) ~ A in D°°(v4). 
Proof. The quasi-isomorphisms of strictly unital yloo-bimodules 

K -> A® A # -> {K® B K)® A K = F(g(K)) 

and 

A -> -> A® A (^ B X) = {A® A K)® B K = g(J 7 (A)) 

give both the statements. We used lem. prop. and prop. HU □ 

Lemma 9. (J 7 , tpi) and ((?, ip2) are exact functors w.r.t the triangulated category structures on D°°( J 4) and TD°°(B); 
for any M G T>°°(A): 

<Pi{T{M)) : {M® A K)[l]^M[l]® A K, ^(.F(M))(s(m, ai| . . . \a u k)) := (m|oi| . . . \a u k), 
and similarly for if2 ■ 

Proof. T and g send quasi-isomorphisms into quasi-isomorphisms as quasi-isomorphisms in the derived categories 
D°°(A) and T>°°(B) are homotopy equivalences. To prove that T (and g) are exact w.r.t. the triangulated structures 

on the derived categories it is sufficient to consider triangles of the form (|2"3"|) . i.e. M AMffi M' A M' A M [1]. 
Applying T to such a triangle, and using the above lemmata we get the sequence 

M§La ^ (M © M')® A K T <# M'® A K VM( A (M)) [M® A K)[l] 
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in D°°(B); the short exact sequence (J 7 is additive) 

(24) M® A K F -ty (M © M')® A K M"® A K ->• 

is semi-split w.r.t. the splitting 

F(p) :=p®l, 

denoting by p : M' -» M the splitting of the short exact sequence — > M A M © M' A M' — > 0. In fact 

o F(a) = 1, and F{p) o (^ o ) - (.s" 1 o d°^) o (F(p) © 1®*), 

for i > 1. Then (|24p can be completed to the distinguished triangle 

M© A if F 4 } (M © M')® A K M'® A K K [M® A K)[l], 
with /i' := F(h). In summary J 7 sends exact triangles into exact triangles. Same considerations holds true for Q. □ 

With triangX(M) we denote the full triangulated subcategory in D°°( A) generated by {M[i](j), i 6 Z}. thick^A/^), 
resp. thick^(iVB) are the thick subcategories of direct summands of objects in triang^M^), resp. triang^ (iVg). 
We refer to Appendix C for all definitions. Finally, we can state the main theorem of this section. 

Theorem 7. Let X be a finite dimensional vector space on IK = R, or C. Let (A, K, B) be the triple of A^- structures 
with A = S(X*) and B = A(X) Koszul dual augmented differential bigraded algebras with zero differential and K = K 
endowed with the bigraded A^-A-B -bimodule structure dx given in [3]. The triangulated functor 

F : D°°(A) -)• D°°(B), = • ® A K 

induces the equivalence of triangulated categories 

triang^ (A) ~ triangg 1 (K) , thick^ (A) ~ thick^ (if) . 

ie< (K,dft) be the Aoo-B-A-bimodule with K — K and d^ obtained from &k exchanging A and B; then the trian- 
gulated functor 

T" : D°°(B) -> D°°(A), J 7 " (•) = • ® B if 
induces the equivalence of triangulated categories 

triangX (K) ~ triangg 5 (5) , thick^ (A") ^ thickg 5 (B) . 
Proof. Appendix B. □ 

7. Deformation Quantization of Aqo-structures 

In this section we study the quantizations {A%, if/j, Bn) of the -structures on the triple (A, K, B). In this contest, 
the term "quantization" , or more properly, "Deformation Quantization" refers to a technique that produces new Aqo- 
structures from already given A^-data: the latter are recovered from the former through a "limiting" procedure. For 
the original idea we refer to pQ. Aoo-structures on bigraded topologically free K [[/i]]-modules are said to be topological. 
The deformations are obtained through certain Feynman diagrams expansions, a "two branes" Formality theorem 
and an explicit choice of an h- formal quadratic Poisson bivector tt^ — hn on X, the finite dimensional vector space 
underlying A and B. For the full construction and the 2-branes formality theorem we refer to [3]; the diagrammatic 
techniques there described generalize those introduced in [T3]. The choice of a quadratic Poisson bivector field is 
motivated by the necessity of preserving the internal grading on the Deformation Quantization of triple (A, K, B); 
its main consequences are 

• The Deformation Quantizations (An, B^) of (A, B) are flat bigraded Aoo-algebras. 

• The Deformation Quantization K% of if is a left A^-module and a right _B^-module with zero differential. 

• It is possible to quantize the bimodules A<3 A K, K® B B, K_, End A (K ) and End g (if ) straightforwardly by 
using the "classical" Aoo-bimodule structures with due changes. 

• The quantized left and right derived actions are quasi-isomorphisms of topological Aoo-algebras and topo- 
logical Aoo-bimodules. 
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7.0.20. On modules over IK [[ft]]. We consider the local ring K [[h]} of formal power series with coefficients in K. 
Topological free K [[h]} modules are modules over K [[h]} isomorphic to IK [[ft]]-modules of the form M [[ft]], with M a 
K vector space. Let M and N be K [[ft]]-modules. The K [[ft]]-module M<g> K p] N is the quotient of the tensor product 
M®N ((g) = £§)k) by the subspace generated by all elements of the form km®n — m®kn ) with k £ K [[ft]] and m £ M, 
n £ N. We denote by <§> the completed tensor product M(§N of M (g) K rrwi N. If M and N are topologically free, i.e. 
M = Mi [[ft]] and N ~ Ni [[ft]], then M [[ft]] ®N [[ft]] is topologically free as well; in fact M®N = (M 1 ® iVi) [[ft]]. 

Let HomK[[fi]](M [[ft]], AT [[ft]]) be the space of K [[ft]] -linear morphisms from M [[ft]] to AT [[ft]]; there exists an 
isomorphism 2 : Hom(M, N) [[ft]] -> Hom K[M] (M [[ft]], AT [[ft]]) of K [fft]]-modules. Any ip £ Hom K[[ft]] (M [[ft]], AT [[ft]]) 
is uniquely determined by a formal power series 

<Pif? G Hom(M, AT) [[ft]] . 

i>0 

We observe that any ip £ Hom K (M [[ft]], Af [[ft]]) is continuous w.r.t. the ft-adic topology on M [[ft]] and N [[ft]]. In 
the sequel we will use the formal power series description of morphisms extensively. 

7.0.21. On the category bGinrftii- Let bGjj[[s]] be the category of bigraded K [[ft]]-modules; an object in bG K pi] is 
a collection {Mj} ijje z of K [[ft]] -modules; the space of morphisms HombG, m] (M, N) is the object in bGigp]] with 
bihomogeneous components 

Hom& K[[R]] (M,A0= 1] Hom K[[ft]] (M;,JVj+;). 

r,s£Z 

7.0.22. Topologically free modules in hG K [[ h ]]- We say that an object M% in bG K pj] is topologically free if 

M fi = {(M ft )j} W)ez2) with (M ft )j = Mj [[ft]] . 

Let M/j and ATr be topologically free objects in bG K pii, with Mn = M [[ft]] and Nn — N [[ft]], for M, AT objects in 
bGij; then HombG K[[R]] (Mn, N%) is the topologically free object in bG K p]] with bihomogeneous components 

Hom& K[[R]] (M ft ,AT ft ) = Hom&JM, N) [[ft]] . 

For any topologically free M% in bGK[[R]], the objects Mft[fc] and Mn{l) in bGjKp]] are defined via 

M h [k] = {(M ft [fc])j} W)eza , (M ft [fc])5 := M] +fc [[ft]]; 

and 

M h (l) = {(M ft <i))j} W ) e z», (M ft (/>)5 := [[ft]]; 

for any (fc, Z) 6 Z 2 . Topologically free objects in bG K pj] form a full subcategory in bG K [[ S j] which is not abelian; we 
endow it with a monoidal structure induced by the completion ®, w.r.t the ft-adic topology, of the tensor product of 
topologically free K [[ft]]-modules. More precisely, for any and Nn topologically free in bGupj] and £ Z 2 , 
we write (with a little abuse of notation) 



{M h ®Nn))= M]l[[h]]®Nf 2 [[h]], 



i 1 +i 2 =i, 

01+32=3 

where ® on the right hand side is the completed tensor product of topologically free IK [[ft]]-modules introduced above. 

8. Topological Aoo-structures 

8.0.23. Topological A^-algebras. 

Definition 19. Let An be a topologically free object in bG]K[[fi]]- The topological tensor coalgebra over An is the 
triple (T(Aft[l]), Aft,eft) where 

T(4[l]):=®4[f'=T(#])[| 

q>0 

in bG K [[ ft j], and 

A h £ Hom°'° K[m] (T(A ft [l]),T(A ft [l])®T(A ft [l])) 

given by An = J2 i>0 AWft* = A^O) = A, where A denotes the coproduct on T(A[1]) and en = e, where e is the counit 
«T(i[l]). 



By definition (l(g>A fi ) o A h = (A ft ®l) o A h and (e ft <8>l) oA s = (l®e ft ) o A h = 1. 
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8.0.24. On codifferentials: definitions. 

Definition 20. A coderivation on T(An[l}) is a morphism dA h g Hom b ' G (T(A^,[1]), T(A^[1])) s. t. (l(g)d^ R + 

K [ [h] ] 

dA R ®l) °As = A t o & Ah and 

(25) d 2 Ah = 

Let dA h be the coderivation on T(A^[1]) uniquely determined by the formal power series 

d A R =E d ^> d«€Hom^(T(i[l]),T(i[l])). 

Then, by definition of dA h , each d^j_ is uniquely determined by the family of Taylor components d^' fc = Pa[i] ° 
lA[i]® fc ■ The quadratic relations (I25|) are equivalent to a tower of quadratic relations with the Taylor components 
d A ^\ k > 0, i > 0. 

Definition 21. Let An be a topologically free object in bGjjrrMi. ^4 topological A^-algebra structure on An is the 
datum of a coderivation on the topological tensor coalgebra over An- 

Lemma 10. Let (An,dA h ) be a topological A^-algebra. Then (A, d^) 7 d^ := d A , is an A^-algebra (on ~K). 
8.0.25. Topologically free A^-modules. 

Definition 22. Let Mn be topologically free module in hG^nnn; IZn(Mn) is the object 

K H (M H ) := M n ®T(A H [l]) = (M[l] ® T(A[1})) [[h]] 
in bGg[[fi]]. right (T(Aft[l]) , Aft, tn)-counital-comodule structure on IZn(Mn) is the morphism 

Af G Hom°'° K[W] (^(M ft ),K ft (M ft )®T(^[l])), A* = Af (0) = A* 

satisfying (1<§> Ar) o A^ = (Aj?(g)l) o A^ and (l<8>e^) o Aj? = 1, denoting by A R the usual counital-T(A[l])-comodule 
structure on M[l] <g) T(A[1]). 

Definition 23. A codifferential on the right T(An[l])-comodule TZn(Mn) is a morphism dj\/ fi G Hom^Q (TZn(Mfi), IZn(Mn)) 
s.t. Af o d Mh = {l®d Mh +d Ah ®l)oAf l and 

(26) d 2 Mh = 0. 

By definition, if d A/R = E 4 >o d M fi ^ then each d M R e Hom bG K ( M [ 1 ] ® T^M)^! 1 ] ® T (^[!])) is uniquely 
determined by its Taylor components d^ n = £>m[i] ° &m \m[i]®A[i]®"i f° r anv i,n>0. The quadratic relations (l2l)l) 
are equivalent to a tower of quadratic relations involving the aforementioned maps d^ n . 

Definition 24. Let M% be an object in bGjpi. ^4 topological right A^-An-module structure on M% is the datum 
of a codifferential dM n on lZn{Mn). 

Lemma 11. Let Mn be a topological right A^-An-module. Then M is a right A^-A-module. 

In the same spirit, one can define topological left Aoo-modules and topological Aoo-bimodules, with due changes. 
8.0.26. On morphisms, quasi-isomorphisms and homotopy equivalences. 

Definition 25. Let (Mn,dM h ) and (Nn,diy h ) be topological A^-An-modules, with (A%,dA % ) topological A^- algebra. 
A morphism fn : Mn — > Nn of topological A^-An-modules is a map fn £ Hohi^q (72.fi, (M^), IZh(Nh)) which is 

K [ [ft] ] 

a morphism of T(An[l])-counital-comodules s.t. 

dN h o f n = fn ° d MR ■ 

Such a morphism is uniquely determined by a formal power series fn = J2 i>0 ft^ft, with f^ e Hom^Q (M[l] ® 

T(A[1]), N[l] ® T(vl[l])), for any i > 0. Each component f^' is a morphism of counital-T( J 4[l])-comodules, and so 
it admits an explicit description by Taylor components /w>™ : M[l] ® A[l]®" — > N[l], for any i, n > 0. 

Lemma 12. Let fn ■ Mn — > Nn, fn = X)i>o fh ^ e a morphism of topological A^-An-modules. Then f^ : M —> N 
is a morphism of Aoo-A-modules. 
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Definition 26. Let fh,gn '■ Mn be morphisms of topological A^-A^-modules; we say that they are topological 

Aoo-homotopy equivalent (alternatively: top. A^-homotopic) if there exists a topological A^-homotopy between them, 
i.e. a map Hn : M% — > Nn of T(Aft[l\)-counital-comodules with 

i>0 

H n' n e Hom b ^(M[l] ® A[lf n ,M[l]), n > 0, 

such that 

fh - fjh = d Nh o H h + H h o d Mh 

holds true, order by order in H. 

8.0.27. On units. Let A% in bG^ffft]] be a topological Aoo-algebra with codifferential &A h - We say that the right 
Aoo-Aft-module structure &u n on is strictly unital if 

d M,f ( m l a l| ■ • ' M ' ' ■ l a «) = °' 

for any n>2 and i > 0.. We have denoted by rj the unit in A and by A\. Ir the n-th Taylor component of d^ • 
A morphism : M% — > N% of topological Aoo-A/i-modules is strictly unital if 

A (to|oi| ...\rj\... \a n ) = 0, 

for any n > 1, i > 0, where f^' n is the n-th Taylor component of 
Strictly unital homotopies are defined similarly. 

8.0.28. Quantizing (A,K,B) via quadratic Poisson structures. By X we denote a finite dimensional vector space of 
dimension n on K = M. or C. Let (T po i y (X) [[K]], [•, -]n) be the trivial deformation of (T po i y (X), [■, •]), with Schouten- 
Nijenhuis bracket [■, -]n obtained by extending [•, •] K [[fi,]]-linearly. Let {xi}i^i be a set of global coordinates on X, 
with jj7 = n. We say that the Poisson bivector 7r € T po i y (X) is quadratic if it can be written as 

™ d d " 

ij=l * 3 k,l=l 

for some constant coefficients cS € IK such that Cu = — ci^, for any k,l £ I. In [3] a 2-branes Formality theorem is 
proved; we refer to [3] for all details; here we sketch the construction in the special case in which the triple (A, K, B) 
appears. 

To the ^loo-triple (A,K,B) it is possible to associate a unital Aoo-category Catoo K, B); its objects are the 
branes U — X and V — {0} in the vector space X and the spaces of morphisms are given by Hom([7, U) = A, 
Hom(V, V) = B, Hom(f7, V) = K and Hom(V, U) = 0. In this "local" setting the branes are linear subspaces on 
the ambient space X. The unital A^-category structure on Catoo (A, K, B) is induced by the associative algebra 
structures on A, B and the Aoo-j4--B-bimodule structure on K. The 2-branes Formality theorem states the existence 
of a quasi-isomorphism of Loo-algebras 

U ■■ (t;+* PO, [, ■], 0) -+ (C- +1 (Catoo(A K, B)), [, -} G ,d) 

between the differential graded Lie algebra (shortly, DGLA) of polynomial polyvector fields on X and the DGLA 
of Hochschild cochains on the Aoo-category Catoo {A, K, B) endowed with the Gerstenhaber bracket [-,-]g and 
Hochschild differential d. As a graded object C' +l (GaX 00 (A,K,B)) decomposes in the direct sum of three com- 
ponents: C' +1 (A,A), C' +1 {B,B) and C' +1 (A, K, B). C' +1 (A,A) and C' +1 {B,B) are the DGLAs of Hochschild 
cochains of A and B; they are sub complexes of C" +1 (Catoo(A K, B)). C' +1 (A, K, B) is given by 

C n (A,K,B)= Horn 9 ( A® p ®K®B® r ,K). 

p+q+T—n—l 

The proof of the 2-branes Formality theorem is based on Stokes' theorem on manifolds with corners and the 
properties of the 4-color propagators ( [S] , [3] , (T7] ) at the boundary components. In the general case, we have to 
consider short loops in the Feynman diagrams describing the Loo-quasi-isomorphism U. 

The Loo-quasi-isomorphism IA induces an isomorphism between the sets of Maurer-Cartan elements (MCEs) on 
the DGLAs (T'+^pf), [•, -],0) and {C* +1 {CaX^A, K , B)) , [, •, -} G ,d). MCEs in T poly {X) are Poisson structures on 
X; they are mapped to MCEs on C' +1 (A, A) and C' +1 (B, B) which are ^oo-deformations of the graded associative 
algebra structures on A and B and to an Aoo-deformation of the Aoo-^4-Z?-bimodule structure on K. 

Let h-K be a MCE in T po i y (X) [[H]]; it satisfies 

[Hit, Htt]h = 
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order by order in h, denoting by [•, the Lie bracket on T po i y (X) [[h]] obtained by extending K [[H]] -linearly the Lie 
bracket [■, •] on T po i y (X). 

LetW(fer) = U A (fm)+U B {h7r)+LiK(h7r) be the MCE in C" +1 (Cat 00 (A, K, B)) [[h]] where U A (fm) is the component 
of U on C" +1 (A, A) [[h]], U b (Jvk) is the one on C" +1 (B, B) [[h]] and U K (hir) on C' +1 (A, K, B) [[h]]. The three 
components are defined through an expansion in Feynman graphs in which "areal vertices" appear. 

Proposition 13 ( 3], section 8.1). Let Htt be an h-formal quadratic MCE in T po i y (X) [[h]]. 

• The Aoo- deformations of A, resp. B are given by (A [[h]], ■ + U A (tm)), (B [[h]], A + Ub^tt)). 

In other words, A and B are deformed into bigraded associative algebras with zero differential. The 
deformed products preserves the internal grading. 

• The Aoo -A [[h]]-B [[h]]-bimodule deforming K is given by (K [[h]],dK R ), ^k r — &k + Uk(^)- 

The codifferential dn h is such that 

A (i),n,0 _ A (i),Q,m _ „ 
a K h ~ a K h - U 

if either m = n = or m, n, > 2, for any i > 0. 

Choosing a general Poisson structure 7r on X we obtain different quantizations An resp. B R of A, resp. B, in 
general curved as Aoo-algebras. For a curved example we refer to 

8.0.29. Quantizing bimodules. In section 2 we have defined left and right bar resolutions of ^oo-bimodules. 

The Taylor components of the codifferential on such resolutions are given by the formulae ^ . We quantize the 
resolutions considering the triple (A R , K^, Bn). 

Definition-lemma 1. Let (M%,dM n ) be a topological Aoo-An-Bn bimodule. The left topological bar resolution of Mf% 
is the object (A%®_ A M% = (A^® T?(A%\1\)®M%) mbGjjp]]. It is a topological Aoo-An-B^-bimodule with codifferential 

^-Ah® M h = Sj>o A » M ^ ' ^ or an ^ * — ^' ^ e (^">0"^ T a yl° r component 

A h h — A h h 

d A^ m r e Hbm^((A[l]® k ® (A® A M)[1\) ® B[ir, (A® A M)[1]) 

A h 

of d A - M is given by the formula? ([6]) with the insertion of the operators d^ AR 2 , d^ ' and d^.' 2 . 

h A h 

Proof. It is easy but quite long to check that d A ^ m ° tg> m = follows from associativity of the products 

— A h — A h 

on Afi, Bfi and the quadratic relations d 2 Mn =0. □ 

We can define right topological bar resolutions, or bar resolutions of topological Aoo-bimodules, with due changes. 
In the sequel we will consider the bimodule Kn and the topological bar resolutions A%® . K% and Kn<S> R Bn- 
Let K_ and K be the Aoo-S-A-bimodules introduced in section \§\ 

Definition-lemma 2. The quantization K h of the A^-B -A-bimodule K_ is the object 

K n = Hom Bh (K ri ® Br .B H ,B H ) 

in bGf pj]. It is a strictly unital topological Arx-Bti-A^-bimodule with codifferential dic h = 2^4>o°-x ^ ■ F° r an V 
i>0, the (k,l)-th Taylor component 

dff G Hom^ K ((A[l]^ ®K[1] ® B[ir,K[l}) 

of d^ is given by the formula? in lemma\^ with the insertion of the operators d^' 2 , djj-^ ' and d^' 2 . 

Proof. The proof of the topological Aoo-bimodule structure is similar to the one for An® A we use the associativity 
of the products on An, B% and the topological ^oo-bimodule structure on K%. □ 

The definition of is analogous, with due changes. Similarly, we can introduce the quantizations End g (Kfj), 
resp. End A (Kn) of End B (K) , resp. End 4 (K) ; their topological Aoo-algebra structures are induced by the topological 
Aoo-structures on (An, Kn, B%). We use the same classical formulae introduced in section 6, with due changes. Such 
quantizations are topologically free objects in bG K [[ft]]. Let B Ah (K%) = An®_ At _Kn, BB h (Kn) = Kh®_ Bn Bn and 
End AR (B Ah (Kn)), ^nd Bh (B Bh ( K h)) be the topologically free objects in bG K[[R]] 

EndB R (B Bh (K h )) = {ipe End hGKm] (B Bh (K h )), B h - linear}, 
End AR (B Ah (K h )) = {^E End bGK (B Ar (K h )),A h - linear} 
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They are canonically endowed with topological Aoo-bimodule structures; the formulas are induced by the classical 
constructions presented in the previous sections. The constructions used to quantize End A (K) and End B (K) axe 
replied here, with due changes. 

Proposition 14. The quantized derived actions 

RB h :B h ^End Ah (K h )°P, 
are quasi-isomorphisms of topological Aoo-algebras. 

Proof. The proposition is proved in [3], section 8.1. □ 
Corollary 5. h Ah and Rb r descend to quasi-isomorphisms of topological A^-bimodules. 

Proof. The bimodule structures on A%, B^, End B (Kh) and End A (Kn) are those described in section 6 for A, B, 
End B (K) and End A (K) with due changes. □ 

8.0.30. Some quasi-isomorphisms of quantized bimodules. 

Proposition 15. • There exist quasi-isomorphisms 

HK h ■ K h ® Bn B h -t K h , n' Kh : A h ® An K h -> K h . 

<5> Kn : K h -> K h ® Bn B hl <P' Kn : K h -> A H ® Ah K h . 

of strictly unital topological Aaa-A^-B^-bimodules. 

• There exists an isomorphism 

©ft : Kh® Bh K H End Bh (B Bh (K h )), 

of strictly unital topological Aoa-A^-Aji-bimodules. 

• There exists an isomorphism 

&l : K h ® A K h -». End Ah (B An (K h jr 
of strictly unital topological Aoo-B^-B^-bimodules. 

Proof. On /J,K h - The morphism is defined using the formulae for the morphism [i in proposition 2, section 2, with due 
changes. So the compatibility with the topological Aoo-bimodule structures follows. In other words, 

i>0 n>0 n 

with /i^ G Hom^ K (T(A[l]) ® (A^Jf)^] g) T(5[l]), if[l]) uniquely determined by the Taylor components 
with 

mP''H . . . k, fl (l|6!| . . . |6,|6),6i| . . . \b[) = ±d^ +1+l ( ai \ . . . \a.\l\h\ . . . \b q \b\b[\ . . . \b\), 
The relations dx h ° fJ-K R = Ma„ ° d-K n ® B h are equivalent to J2i+j= n 

= 0, for any n > 0. We recall that 

in the classical case the relations 

djfO/l = /l° dK® B B 

are equivalent to d 2 K = 0. 

It is also clear that (Ak r \h=Q = ^K h \n=o = /i; as /i is a quasi-isomorphism, then hk k is a quasi-isomorphism as 
well. Similar considerations hold for ^'n h - For <&K h and t ne conclusions are similar, with due changes: all we 
need is to consider the trivially "quantized" version of the formulae introduced in lemma [3] Q\ is given by the formal 
power series 6jt = J2 l>0 ©ft W ^, with e^' W = for i > 1 and 8^ (0) = loG, where 1 : K® B K -> B B (K) <g> X is an 
isomorphism of ^oo-A-A-bimodules and G : Bb(K) ® X — »■ End^S^-fT)) is the isomorphism Aoo-A-A-bimodules 
given in prop. [5] 

On any element X^> Uifi* in (T^I 1 ]) ® 8T(j4[1])) [[fi]] the relations 

d E nd BR (Bs B (K B )) ° ©a = ©ft ° d A' fi ® Bfi K fi 

are equivalent to 

E ^( BV W e * (0> <«<)) = E ei ,(0) (d^ 

n iA-j—n h 
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for any n > 0; the above relations are verified (projecting both sides onto End^ (Bs h {K%)), as usual ) as O^ " 1 
commutes with d„ , ,„ ,„ „, d^ - „ , for any j > 0. 

(i) • • (i) • • 

We recall that the Taylor components d^'^ {b b {K h )) and k k are §i ven by the Taylor components 
d End B (BB(K)) and d K® B K ma the substitutions d\ i-> d^>' 2 , d| h> dg' 2 and d£ n i-> dj£' v . 

G^ "* is an isomorphism in bGjj; it follows that 0^ is an isomorphism in bGu^/ij]. For Q\ similar considerations 
hold, with due changes. 

□ 

Corollary 6. • There exists a homotopy equivalence 

Kn® An K n ^^A Bn {K h l 

of strictly unital topological Aaa-A^-Ay^modules. 
• There exists a homotopy equivalence 

KH® Ah K h ^Eml Ah (K h ) P 

of strictly unital topological A^-Bfi-B^-modules. 

Proof. The classical homotopy equivalence H : End^fve^)) — > End p (K) defined in prop. [7] induces the homotopy 
equivalence Hn : 'EndB h (BB n (Kfi)) — > End p (Kn), Hn = H. The check is immediate; in fact the codifferentials 

on End B h (BB h (Kfi) and End Bft (-Kft) are constructed by using d^' k ' 1 , d A '^ and d^ 17 '. It is necessary to prove the 
compatibility of the quantized homotopy equivalence with these operators. But this goes on like in the classical case. 
Similar considerations hold for the second statement, with due changes. □ 

Composing with the quantized derived action we arrive at 
Corollary 7. • There exists a quasi-isomorphism 

A -> K h ® Ah K h , 
of strictly unital topological A^-A^-A^-modules. 



• There exists a quasi-isomorphism 



B h -> K h ®,K n . 



of strictly unital topological A^-B^-B^-modules. 
8.0.31. On the categories Mod^(A R ) and M.od^ f (B h ). 

Definition 27. Let (An, Kn, Bn) be the triple quantizing (A,K,B) w.r.t. an h-formal quadratic Poisson bivector 7Tr. 

• Mod^(-Aft) is the category of strictly unital topological 4^, -right- A^-modules. 

• Mod^(_B?j) is the category of strictly unital topological A^-right-B ^-modules. 

Mod^(A^) and Mod^(_B?j) are additive categories. The direct sum M%®N% of objects (M^dM ft ) and (7V^,djv fi ) 
in Mod^(Aft) (or Mod^(.Bft)) is the topologically free module 

M h ®N h := (M © N) [[K\] 

if Mh — M [[h]} and Nr, = N [[H]] in bGjc [[fe]] 5 endowed with the strictly unital topological Aoo-module structure given 
by the codifferential dM h ®dN R - The natural inclusion and projection 

in : M h -> M n ®N n , Ph ■ M h ®N h N H , 

are the strict topological A^-modulc morphisms defined via 



and 



ift = 4 0) ' il 0) = i^' = i : M M 8 iV, m h> m © 0, 



pn = P { °\ pi 0) = pl 0) '° = p:M®N^N, m®n^n. 
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8.0.32. On quasi-isomorphisms in Mod£? (-Aft) and ModJ^ (£?/;.). The category bGjj [[ft]] of aZ/bigradcdK [[ft]]-modules 
is abelian; clearly Mod^(A^) and Mod^(Bs) are (not full) subcategories of bGjjp]]. 

In general, the cohomology of a topologically free differential bigradcd K [[ft]]-module is not topologically free; so 
we introduce the following definition. 

Definition 28. A quasi-isomorphism fn : iVft — > M% of objects in Mod^(A^) (or Mod^(i?ft)J is a morphism of 
topological Aoo-modules s. t. H(fn) : H(Nfi) —¥ H{Mf L ) is an isomorphism in the abelian category bGjn[ftn. 

Quasi-isomorphisms of strictly unital top. Aoo-modules are not, in general, homotopy equivalences. A counterex- 
ample is given by 

Example 1 (B. Keller, [8 a ). Let — K [[h]] and (Mfi,dM R ) be the object in Mod^(As) given by 

M h = {M° [[H]],Mt [[h]],M* [[h]}}, M ° = M* = K, M 2 = 0, 

with codifferential d.M h s.t. d^/° : M® [[h]] — > Mq [[h]] is the multiplication by K, and d^' 1 : Mfi(g)Afi — > Mfi is the 
multiplication in IK [[h]]. All the other components are set to be zero. The strict quasi-isomorphism (K. is concentrated 
in bidegree (0,0),) of strictly unital top. A^-A^-modules 

h : Ms K 

admits no inverse gn (up to homotopy); in fact such an inverse would have a K.[[h]]-linear (0, 0)-th component 
g 1 ^' : K — > K [[h]]. But this implies that gn is the zero map. 

8.0.33. On %*£(A/j), H^(-Bft) and their triangulated structures. As Mod^(zlfi) and Mod^(Bft) are additive cate- 
gories, we can introduce the homotopy categories 

U%(A h ) := ^(Mod^(Aft)), U%{B h ) :=H(Mod&(B K )). 

The objects in H^(Aft), resp. %oo(-Bfi) are the same objects of Mod^(A^), resp. Mod^(_B^). The morphisms are 
equivalence classes w.r.t. the equivalence relation defined as follows; two morphisms fh,gn '■ -Xfi Yn in Mod^(A^), 
resp. Modjj(B?i) are equivalent, i.e. fn ~ gn, if there exists a strictly unital topological Aoo-homotopy Hn (see 8.3.1., 
subsubsection "On morphisms, quasi-isomorphisms and homotopy equivalences " ) s.t. /ft — gn = dy n ° H% + Hn o dx n , 
denoting by dx R , resp. dy R the codifferentials on X^, resp. Y%. ~ is an equivalence relation on morphisms in 
Mod^(Afi), resp. Mod^(_B^). We want to prove that 'H%{Af i ) and %*£(-Bft) are triangulated categories. 

8.0.34. Triangulated structure on H*£(Afi), %*£(.Bfi). We endow the categories HQ(Afi) and 'hL%{B^ with a trian- 
gulated structure such that, for ft = it reduces to the triangulated structure on T-L^A) and H<x>(B). We refer to 
Appendix A for the notation on triangulated categories. As usual we give the definition for H^(Afi); it applies to 
%%{Bfj) as well, with due changes. 

Let -> Mfi 4 M£ ^ M£ ->■ be a short exact sequence of objects in TL^iAfC) with f% and <7ft strict. This means 
that, for any € Z 2 , then 

-y (Mft)} 4 (M$ ^ {M'h)} 
is short exact as sequence of K [[7i]]-modules. 

Definition 29. T7ie triangulated structure on the additive category LL%{Afi) is given as follows. The endofunctor 
£ is simply the (cohomological) grading shift functor £ = [1]. TTie distinguished triangles are isomorphic to those 
induced by semi-split sequences of strict morphisms 

m Mod^(Afi), i.e. sequences such that — > ^4 M^ ^ M^' — y is an exact sequence in bGjjp]], and such that 
there exists a strict splitting 

Ph = $>«ft fc , P ik) = P (kh ° e Hom°'° K (M'[l],M[l]) 

fc>0 

of h, i-e. 

(27) Ph o /fi = lfi, 

(28) Pfi o d Mfi = d M ; o ( P fi(g)lf 4 - x ), i > 2. 
By the very definition if the triangulated structure on H^(^4fi) we have 
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Corollary 8. The "evaluation ath = 0" functor (E h , 1), E h : %%(Ah) -> Mod oc (A)/ - with E h (M h ) := M h /HM h , 
is exact w.r.t. the triangulated category structures on TL^^n) and M.od 00 (A) / ~. 

8.0.35. Characterization of exact triangles in H^(Afi). Before proving that the endofunctor [1] and the class of exact 
triangles in the above definition endow 'H t ! ^ ) {A%) with a triangulated category structure, let us better characterize the 
exact triangles. What follows is a suitable topological Aoo-version of the analysis contained in [3D] on the triangulated 
structure of the homotopy category fC(A) of any additive category A. The goal is to show that it is possible to lift 
those computations to the aforementioned topological ^^-case. 

8.0.36. Cones and cylinders. Exact sequences of topologically free modules. We recall that, given a topological Aqo- 
module Ma, the bigraded object M&[±1] can be endowed with a topological v^-module structure via 

dffiiUi] — -odSgi'oc-- 1 ®!). 

Let fn : (Mr,c1m s ) — > (JVs,dM a ) be a morphism in Mod^A/i); f%, djv/ fi and dN n are uniquely determined by 
formal power series whose z-th components are f^' , d^ and . 

Definition 30. A cone C(fn) of fn is the object 

C(f h ) := M H [1]®N H 
with topological A^-structure given by the differential dc(f h ), such that 

d M h [i] 

Definition 31. The A^-cylinder Cy\(fn) is the object 

Cyl(/ fi ) = M h ®M H [l]®N H , 

with codifferential dc y i(/ B ) given by 

s -1 o d Mh ° s -i n o s -1 
(30) D CyXUh) = I d Mh[1] 



The natural inclusion 



with 



s 1 o f h s 1 o d Nh o s 

i h :M h ^Cyl(f h ), i n = J2 i H )hi > 

i>0 



= 0, for i,n > 1, 



and = i : M — t M © © N, m h-> (m, 0, 0), is a strict morphism of topological A^-A^-modules. 
Proposition 16. For any morphism f% in Mod^(^4^) 

d C(f h ) ° d C(f h ) = dCyl(/ R ) ° dcyl(/ s ) = 0. 

Proof. Using (|29|l and (f3T)|) . the proof is immediate. □ 

For any morphism f% : (Mn,dN n ) —y (Nn,dM h ) we consider the sequence 
(31) -> M fi ^ Cyl(/ n ) ^ C(/ n ) -> 

The natural projection 7r^ is the strict morphism of topological ^^-modules n% = J2i>o n n 

'h\ with 4* } = 0, for 

i > 1 and 7r^ 0), ° = n : M © M[l] © iV -> M[l] © TV. The sequence (JSTJ is exact in bG K [[/i]]; actually more can be 
said: as ker7i"ft = M% = imi^ then (j3Tj) is exact in Mod^A/i). 

Proposition 17. Let (M h , d Mn ), (N h d Nh ) and (L n , d Ln ) be objects in Mod t J D (A h ) and f h : M h -> N h , g h : N h L h 
be strict morphisms in Mod^(^4^). Any short exact sequence 

-> M fi 4 N h 9 A L h -> 

m bGnffftii is quasi-isomorphic in Mod^(Aft) io i/ie s/iort exact sequence — > Af^ ^ Cyl(/ft) ^4 C(fn) — > 0. 
Proof. Like in [20], prop. 5, section III, with due changes. □ 



28 ANDREA FERRARIO 

For any morphism f% : M% — > in Mod^is) the sequence 



-> M n ^ Cyl(/ fc ) ^ C(/ ft ) -> 

is exact. Something more can be said; in fact the sequence is semi-split with strict splitting pa : Cyl(/a) —> M^ given 
by 

Pj?'(m, sm! , I) = m, pt^ — for i > 1. 

It is important to note that pa does not commute with the components dl^Ly and d^° of the codifferentials on 
Cyl(/fi) and M% for any i > 0, but 

p£Hs-Hd l £i n {f Jm,sm\l\a® n ))) = d^ n (p^(m, S m',l)\a^ n ), for any n > 1. 

Like in the classical case, the presence of the inclusion ia in the definition of the codifferential dc y i(/ R ) plays a major 
role. In summary, 

M h 4 Cyl(/ fi ) ^ C(/ ft ) M ft [l] 

is an exact triangle in 'H t ( £(Af i ) for any morphism /a : Mn La in Mod^(Aa). 
Let 

(32) M fi 4 La ^ C(Jk) ^ 

be a sequence in 'H t J {Af L ); it is isomorphic in 'H^(Aa) to the exact triangle Mn ^ Cyl(/a) ^ C(/a) -4 via 





A/a - 




C(/ ft ) - 


M ft [l] 


(33) 


1" 


1°* 


I- 








Ma - 


Cyl(A) 


C(/«) - 





with strict ^oo-morphism 

a h :L h ^Cy\(f h ), a^°(l) = (0, 0, 1) 
and ai^ = 0, for i > 1. In summary, (|52")l is an exact triangle in H^lAn), as well. 



8.0.37. Other exact triangles: using the splitting. Let 

-> M fi 4 iVfi ^ Q fi -> 

be a semi-split exact sequence like in def. 25, with splitting pa and Nn = N[[h}], Ma = M[[S]], Qa = Q [[?*]] in 
bG K [[ fi ]]. 

At the order h° eq. (j2"7|) is equivalent to p^ o = 1. This implies that N* = Mj © as K-modules, for any 
(i,j) E Z 2 ; in virtue of this we assume that Nn = ((M © Q) [[H]], ^M h §Q h ), where 

, _ ( d Mh -fn \ 

d M fi ©Q R - ^ o dQft J • 

and Mn@Qn = (M © Q) [[fi]] in bG K [[a]]. It follows that d Mn ^Q R o d Mft £q n = if and only if 

/a : Qa -> A/a[l] 

defines an Aoo-morphism of topological Aoo-Aa-modules. By definition of the triangulated structure on H^(Aa), the 
sequence Mn % Mn®Q% ^ Qa -4 Afa[l] is an exact triangle. 

Theorem 8. T/ie homotopy categories 'H^(Aa) and %^(i?a) are triangulated; the triangulated structure is the one 
given in def. 25. 

Proof. [50], pag. 246, with due changes; we sketch the proof for sake of clarity. On the axiom (Tl) (see the Appendix); 
the sequence 

X h Hx H ^0^X h [l] 

is isomorphic to X% ^ Xn — > C(la) — > A"a[l] as the zero morphism — > C(la) is homotopic to the identity morphism 
l' h : C(la) -> C(l ft ) on C(l ft ); in fact 

l' h = H h o d c(lR) + d C (i R ) ° ff s , 
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with strict topological Aoo-homotopy Hh — H^'°, H^'°(sx © x') — (x',0). Compatibility with the codifFerentials 
follows easily. Axiom (T2) is proved similarly. Let 

X h u SY h v A C{u n ) P A X h [l] 
be an exact triangle. We want to prove that the sequence 

Y h v AC{u h ) P AX h [l]- u 4 1] YrAl] 

is isomorphic to the exact triangle 

Y h AC{u h ) s AC{v h )- u 4 1] Y h [l\. 
All we need is to introduce the topological Aoo-homotopy equivalence 

n : X n [l] -> C(v H ), 

with 

6 { h ohQ (sx) = (su { ° ) '°(sx),sx, 0), ef' n (x\ ai \ . . . \a n ) = {-su®> n {{x\a x \. . . \a n )), 0, 0), n > 1 

and to check that s% o l h - 9 h o p h = dc( Vh )Hh + H h d C {u R ) with strict Aoo-homotopy H h : C(u h ) C(v h ), 
H^'°(sx,y) = (y,0,0), = otherwise. 

The computations are long but straightforward; 6h is a homotopy equivalence because it admits the strict inverse 

ipn ■ G{v h ) -> X h [l], ip^ h0 (sy,sx,y') = sx, 

and ip^' n = otherwise. Clearly ip n o 6 h = l ft , but h o ip H = l h + c\ c{vn) H' h + H' h &c{v h ), with H' ( ^'°(sy, sx, y') = 
(y ', 0,0) and zero otherwise. 

Axiom (T3) is proved by using cones and (T4) follows by using semi split exact sequences. 

□ 

8.0.38. Localizing w.r.t. topological Atxy-quasi-isomorphisms: on the derived categories T)^ (Ah) andD^(Bf i ). In [20 , 
def.6, section III, localizing classes of morphisms are defined. In our setting we have 

Proposition 18. The class Qis of quasi-isomorphisms in the homotopic categories T-^^Ah) and TV^Bh) is local- 
izing. 

Proof. We prove the statement for 7^(Afr). We refer to the proof of thm. 4, pag 160 in [20] . We "translate" it in 
our topological Aoo-case, with due changes. □ 

Thanks to the above proposition the following definition makes sense. 

Definition 32. The localizations 

T>? f (A h ) :=H%{A n )[Qis- 1 ], resp. D£(B») := H^B^iQis- 1 } 

are said to be the derived categories of Mod^{(A 00 ) 7 resp. Mod^(B 00 ). 

The objects in DJj(As), resp. T)^(Bh) are the same objects of H*£(Aft), resp. T-L^Bh) while the morphisms 
are described through the equivalence classes of "roofs", as in [20]. We use the notation V = D^(Ajj), T)^(Bh). 
Any morphism <pn : Xh — > Yh in V is represented by an equivalence class of roofs; if two roofs (sh,4>h) and (tn,tpn) 
representing the same morphism in V are equivalent, we will simply write (sh,4>h) — (thitph)- 

In what follows we will state that the morphism 4>h : Xh — y Y% in T> is represented by the roof (sn,(ph), f° r 
simplicity. The identity morphism 1h : X% — > X% in V is represented by 





Xn Xfi 

for any Xh in T>. The composition 

(34) ^ h o 4»H 

of morphisms <pn '■ Xh — > Yh, iJjh ■ Yh — > Zh in £> represented by the roofs (sh, 4>h) and (tn, ipn) will be denoted also by 

(th,4>h) o (sr,0r)- 
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Corollary 9. The class of quasi-isomorphisms in W^(Aj) andH^^Bh) is compatible with triangulation; the derived 
categories 

r>? f (A h ), T>? f {B h ). 

are triangulated. 

Proof. See [5D]; the proofs there apply here with straightforward changes. □ 
8.0.39. On the quantized Functors. Let us define the functors 

F h : Mod%(A h ) -> Mod^ irld (B s ), G h : Mod^(£? ri ) Mod^ st " ct (A h ) , 

via 

F h {M h ) := M H ® AR K h , G h {N h ) := N h ® A% K h , 

on objects M h E Mod%(A h ) and N h e Mod%(B h ). Let f h : M h -> 7V fi be a morphism in Mod^j(A). Then F ft (/ S ) 
is the strict morphism in Mod*{(_B) given by 

Fn(fn) = £ff(A)tf, F^°(f h ) = £ fc > /f '* ® 1. 

and zero otherwise. Similar definition holds true for G' h . Here Mod^' strict (^4^) denotes the subcategory of 
Mod*£(^4ft) with same objects and strict topological ^oo-morphisms. Same convention holds true for Mod^ ,strlct (B^). 

Lemma 13. Let fn : M% Nn be a quasi-isomorphism in Mod^(A^); then Fn(fn) ■ Mn® A K% — > Nh§§_ An Kh is a 
quasi-isomorphism in Mod!^' s ' nrf (ylj). 

Similar considerations hold for the functor Gn- 

8.0.40. The quantized functors on the derived categories; compatibility with the triangulated structures. We discuss 
now the above quantized functors lifting them on the derived categories D^(ilft) and T)fj(Bh). 

Definition 33. Fh is the unique functor Fn ■ 'D'tf(Ah) — > T)ff(Bn) s.t. 

Fh ° Qa h = 7ft, 

denoting by Qa k '■ Ht£>{An) T^tf(Ah) the canonical functor 

Q Ah (X)=X, Q Ah (h) = (l,h), 
and by Fh '■ H^(A^) — > D^(Bh) the composition 

% = Qb h ° F h , 

where Fn : H^^An) — > "H^^Bn) is the functor induced by Fh on the homotopy categories of Mod^(Aft) and 
Mod%(B n ). 

The functor Qh ■ T)^(Bh) — > T)^(Ah) is defined similarly. By definition 

Fh(Xh) = Fh(Xh) = Fh(Xh), 
on every object Xh S T)ff(An) and on any morphism (sn, fh) in D^(A^): 
(35) J-ft( S ft, f h ) = (Fh(sh), Fh(h)). 

Both (Fn,<Pn) and (GhiPn) are ex& ct functors w.r.t. the triangulated structure on D^(A^) and T)^(Bh). Here 
(p\ : Fn o [1] — > [1] o Fn denotes the obvious morphism of functors, and similarly for 

Proposition 19. Let (Fn,Gh) be the pair of functors defined above. 

• An is isomorphic to Gn(Fh(Ah)) in 'D'^(Ah). 

• Kh is isomorphic to Fh{Gh{Kh)) in D£?(.Bft). 

Proof. The first isomorphism is represented by 

An 

A h Gh(Fh(A h )) 
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with 

4> Ah ■■ A h ->• K h ® Bh K_h -> ( A h® Ah K h )® Bn K h = Gh(Tn{An))] 
the second isomorphism is represented by 

K h 

In / \$ K n 




with 

rP Kh : K h A h ® An K h ->• (Kn® Bh K n )® A% K h = F h (g h (K h )) 
ipA R and 4>K h are defined in cor. [7J □ 

9. Main result 

Denoting by triang^ R (A?j) the triangulated subcategory of D^(An) generated by An[i](j) and by triang^. (Jfft) 
the triangulated subcategory of D^(B^) generated by Kfr[i](j), i,j G Z, we arrive at the main result of these notes. 

Theorem 9. Let X be a finite dimensional vector space over K = M, or C and (A, K, B) be the triple of bigraded 
Aqo- structures introduced in section 6. By Htt € (T po i v (X) [[h]], 0, [•, we denote an h-formal quadratic Poisson 
bivector on X such that (An, K%, Bn) is the Deformation Quantization on (A,K,B) w.r.t. fm. The functor 

T n ■ D^(A ft ) D£(B„), - • ® An K n 

induces equivalences of triangulated categories 

triang^^n) ~ triang- (K h ), thick^A,.) ~ thick- (K h ). 

Let (K,dj^) be the A^-B-A-bimodule with K — K and d^ obtained from &k exchanging A and B and (Kfi,dj^ ) be 
its quantization w.r.t. 7Tr; the functor 

Tl : T>? f (B h ) -> T>? f (A H ), Tl (•) = . <§> B| tf fi 

induces the equivalence of triangulated categories 

triang^ (tf ft ) ~ triangg; thick^ (#n) ~ thick^ 

Appendix A. Proof of prop. \E\ 
• On the quadratic relations d End ^ = 0. 

First of all we note that the maps D E ^ d ^ (a\ | ... \a n \(p) and ^ (¥>|&i | • • • |im) have cohomological degree 2; 

we have already remarked that Ca(o<\ \ ■ ■ ■ \a n ) has cohomological degree 1, instead. The relations d End , R s (d End (sip)) = 
are immediate to prove. We prove the case n > 2, m = 0, i.e. 



^^pzUM-D^o . (ai] _ i^^aa ( a .| ai+l) | a . +a | . . . | a „^) 



n-l 



J? (-l)Er=i n (Kl ^d^'J^Coil . . . |a»_«/,d|^ (A . ) (a n _ n / + i| . . . \a n \(p) + 

n' = l 

^°£d B (K)(^d B (K)M ■ ■ • l a «l^)) + (- 1 ) E " =l(|0il_1) tt BW (ail • ■ • l«»,C B (if)(^ = °; 

such quadratic relations are equivalent to 

n 

£(_l)£tiHlail-i)+£? =1 (KI-i)£ A ( ffll | . . . |a 3 -_ ll d^(ft,-|a i+ i)|a i+ 2| . . . |a n ) o ^ + 
i=i 

n-l 

£ (-l)^r=-.^' + i(l Q -l- 1 )£ A (a 1 | . . . |a„_„0 o (£ A (a»_ n /+i| . . . |a n |) o + 

ra' = l 

(_l)Er = i(l a »|- 1 )g Endgfg) (£ j4 ( Ql | , . . | an ) o y?) + C A (ai\. . . \a n ) o d EndE ( K) (ip) = 

(36) 
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The last contributions on the l.h.s. of (|36|) can be written as 

(_ 1 ) E?=i ( I °i I -i) dEad B (K) {£a (at I • • • | On) ° + £a(oi| . . . \a n ) o d EndB ( K) (ip) = 

(_i)Er=x(i«*i-D^ B(K) (£ A ( ai | . . . | an) ) o ^ = 

(£ A (ai\. . . IO o d K + (-ljEtiCI-il-Ddx o £ A ( ai | . . . \a n )) o <p, 

because |£a(oi| ■ • ■ \a n )\ = X^=i(K'l - 1) + 1. 

At the end, multiplying both sides of by ( — l)5JiLi(l«*|— !) an d using the associativity of the product o we get 
that is equivalent to a finite sum of equations of the type d^(ai| . . . a„|y(. . . )) = 0. 

We continue with the case n — 0, m > 2, i.e. 

TCI 

^(^^l-HESfl.!-!)^-^^,! . . . \ a ._ u d 2 A ( aj \a j+1 )\a j+2 \ . . . \a m ) + 

3=1 
m—X 

H ^E^(X)(^B(K)(vl a l| ■ • ■ • ■ • \ a ™)) + 

m' — 1 

(jo^bSbW^I* 1 ! • • • l am )) + S B (K)(dZi B( K)M' a il ■ • • K) = o. 



-"End 



The above relations are equivalent to 

^(-l)^=i 1(|ai|_1 V ° £a(«i| . . . [o 3 -_i,dA(aj|oi+i)|aj+2| ■ • ■ |am) + 



m — 1 



(_i)E<=i 1 ) V jo(£ j4 (ai|...|a m _ m /)o£ A (a m _ m ' + i|...|a m |)) + 

m'=l 

{-l) M+1 d EndB ( K) (ip o ^(ail . . . |a m )) + (-l) lvl 9End B(A:) ((^) o £a(<xi| . . . |a m ) = 0, 
which are easily verified, as 

(-ly^ +1 d Endp(K )(ip o C A (a 1 \ ■ • ■ \a m )) + (-l) M d Endp ( K) (ip) o C A {ai\ . . . \a m ) = 
-<P ° d EndB ( K )(CA(ai\ ■ ■ ■ \a m ) = 

<p o ^(-i)E? =1 (|a*l-D+i£ A ( ai | . . . | am ) o dA , _ a k o c A (ai\ . . . |a m )) . 

Note the overall —1 sign, which plays no role. 

The equations expressing compatibility between the left and right actions on End g (-fQ (for n, m > 1 ) are 

(.Ij^xd-I-Dd^ {K) ( ai \ . . . \a n ,d^Z B(K) ^\ai\ ■ . ■ \a m )) + 



they are equivalent to 



d ^ B (K)( d EL B (K)( a i\ ■ • ■ l a «> lv)l«il • ■ • \ a m) = 0; 



C A {ai\ . . . |a„) o DEnd g (Ar^(yl Q il ■ • ■ a ™) + 

(_l)M+£? =1 (M-i) D |^ B(if)(ai | |fln|¥)) Q £a(Si| _ j- m) = Qi 



or 



(-l)lvl+ 1 £ A (ai| . . . \a n ) o (ipo C A (ai\ . . . \a m )) + 
(£ A (a x | . . . \a n ) oip)o C A {ai\ . . . \a m ) = 0. 
We finish by checking the compatibility of the actions with the differential, i.e. 

( 37 ) (- 1 ) |ahl ^ B( K)( sa 'd^ BW (^))+d^ BW (d^ Bm (a|(^)) = 0, 
and 

( 38 ) d^ w (dJ^ B(K) (^)|a) +dj^ (K) (dg iB(jr) fo>|a)) = 0; 
l|37j) is equivalent to 

C A {sa) o E nd E ,(g)(y) + (-l)l a l~ 1 a Endp(g) (£ j4 (sa) o ip) = 0; 

([38]) gives 

%nd B (*r)(y ° ^a(so)) - %nd B (j<r)(y) ° £a(so) = 0. 
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Both relations are satisfied by checking that 

d End B (K){£A{sa)) = 0. 

• \ja descends to a morphism of Aoo-A-A-bimodules. 
We prove that 

(39) L A o cU = d Endp(K ) o L A . 

We check fl35J| on strings (ai| . . . |o fc |a|5i| . . . |oj) £ A[l]® fe+i+1 and (1|6 X | . . . e if [1] <g> for any fe,Z,g > 0. 

If M > 1, the l.h.s of is 

^(_l)^=i 1 (l-,l-i) d ^^(a 1 | . . . la^.dA^loi+Oloi+al . . . |a fc |o|5i| . . . |o,|l|6i| . . . \b q ) + 
i=i 

d ^.9(_l)Et 1 1 (|«*|-D( 0l | . . , |a fc _ ls dA(o fc |a)|5i| . . . \ai\\\h\ . . . \b q ) + 

d ^.»(_l)EjLi(l««l-i)( ai | . . . |a fc ,d A (a|a 1 )|a 2 | . . . |o,|l|6i| . . . |6 g ) + 
k 

y"(_l)E?=i(l«»i|-i)+|s|-i+EtJ(|5*l-i) 
i=i 

d^ +i ' 9 (ai| . . . |afc|a|5i| . . . |aj_i,dA(a J '|%+i)|a J -+2| • ■ • | S z 1 1 1 £> x | • ■ • \b q ). 
As Lyi(ai| ■ • ■ \a n ) — so Ca{(Ii\ ■ ■ ■ \a n ) then the r.h.s. of (|39p is given by the terms 

Cd B (*)(Mail ■ ■ • M«N ■ • • IWI&il ■ ■ • \b q ) = (-^^-(l^l-D+lal-i+EUdad-D+i 
(d^- ,+1,9 - 1 (o 1 | . . . |o fc |o|ai| . . . l^d^ll&ON . . . \b q )+ 

£(_l)i+5»M-D d ^»+i.9-i (ai | . . . | ajb | S | gl | . . . | 5z |i| 6l | . . . Ib^dKbjlb^lhl . . . \b q ) 
i=i 

-d^ 1 (d K fZ+1 ' 9_1 (ai| . . . |a fc |a|ai| . . . |a;|l|6i|6 2 | • • • \b g -i)\b q ), 
the sum over k' 6 {1, . . . , fc} of terms 

d E iid p (g)( a il ■ • ■ |afc',LA(afc'+i| ■ • ■ |a*|a|Sx| ■ • ■ ■ • \b q ) = 

q' = l 

^k-k + +1,9 ( afe;+1 | _ _ _ |a fc |a|ai| . . . |5j|l|6i| . . . |Jy)|?y + i| . . . \b q ), 
and the sum over I' £ {0, . . . , I — 1} of terms 



50,Z-i' 



{K) {L A {ai\ . . . \a k \a\ai\ . . . \ai>)\ai>+i\ . . . |5j)(l|&i| . . . \b q ) = 
^(_l)Ef=x(l««|-i)+|a|-i+Er=i(l8«l-i)+i ( i^- , ' +1 ' 9 - 9, (o 1 | . . . \ak\a\cn\ . . . \a v , 

q'=0 

d l K l ' q (ai>+i\ . . . • • ■ \b q ,)\b q , +1 \ . . . \b q ), 

i.e. those contributions in the r.h.s. of corresponding to the right actions on elements in End p (K). 

Moving the terms on the r.h.s. of ([59"]) (note the overall —1 sign) to the l.h.s , we get that (|59l are equivalent to 

d%(ax\ . . . |ofc|a|5i| . . . |5j|l|6i| . . . \b q ) = 0. 

The other cases, i.e. k = 0, / > 1, k > 1, 1 = and k = I = are a trivial sign check. We are done. 

Appendix B. Proof of thm. 

The proof of thm. [7] is shown in detail. We note that all the proof is based on checking the commutativity of 
diagrams in which objects belonging the classes Si, S[ appear (see below). Commutativity of the other diagrams 
follows from these two special case. Moreover, we do not need to perform any explicit computation; we just need to 
apply the definition of the Aoo-morphisms we introduced in section [U 
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Proof. On objects in S\, S 1 . We introduce S± = {A(i)[n],i,n £ Z}, and S[ = {K(i)[n], i, n 6 Z} . By definition of 
the functors (F, Q) and by proposition [TJ and M we get Q{F{X)) ~ X, F(Q(Y)) ~ F, for every X S S u Y € 5(, 
with T{X) <E S[ for every X € S u and 0(F) S Si for every F G <S(. 
On morphisms of objects in S\. 



X — ^— > F 



We want to prove that 



a(-F(F)) 

commutes, for every X and F in 5i and natural quasi-isomorphisms ipx, <£y in D°°(j4). 

Let / : -> A(fc 2 )[j] be a morphism in D°°(^), for any k u k 2i i,j £ Z. As usual /„ : (A(ki)[i])[l]®A[l]® n 

(A(k2)[j])[l] denotes its n-th Taylor component, for n > 0. As A[l] is concentrated in cohomological degree —1 and 
the morphism / is of bidegree (0, 0), then /„ ^ if and only if n — j — i, i.e. there exists one and only one non trivial 
Taylor component, if j — i > 0. We denote by /„ = s o /„ o s its desuspension. If n = 0, then /o is a right A-linear 
map. 

If X = A(ki)[i] and F = A(k2)[j] we need to check the commutativity of the diagram 

A(k x m A(k 2 )[j] 



Vi I Va 

(A^A^h)® (A® A A)(k 2 )\j] 



v 3 



(40) (A® j4 End B ^)(fci)W (^® j4 EndB^)( fc 2}[j] 



v 5 



V 6 



(A® A (K® B K)) (h) [i\ (A® A (K® B K))(k 2 }[j] 



A(h)\i]® A (K® B K) G(Hf) \ A(k 2 )[j]® A {K® B K) 

Let us describe it in some detail. We give the definitions of the maps Vi, up to suspensions and desuspensions w.r.t. 
the cohomological and internal degree. The strict quasi-isomorphism Vi is induced by the Aoo quasi-isomorphism 
$ : A — > A® A A, described in lem. [3] A similar formula holds true for V 2 - The quasi-isomorphism V3 is given by 
V3 = 1 <S> L^ and the morphism V4 is defined similarly. V5 (and similarly Vq) is 

V 5 = 1 ® T 

where T is the homotopy equivalence of Aoo-A-A-bimodules T : Find p (K) — > End^/B^if)) —> K® B K_ given in 
prop. [7] and prop. [HI 

Let us prove commutativity of (|40[) . The morphism / has a unique non trivial Taylor component /„, for n = 
j — i > 0. For any 

(a,a 1 ,...,a n >) € A ® A® n ' , 

we distinguish the following cases. 

• n' < n. Going east and then south in P0|) we get 0; going south-east, instead, we arrive at 

g(F(f))(a, ai ,...,a n ,,T{L A (l))) = 0, 

because L A is strictly unital (here we write La(1) = L^(l) ); all Taylor components L™ +m . . |1| . . . ) 
such that with 1 < m' + m" identically vanish. 

• n' = n. Going east and then south in PU|) we arrive at 

(41) f n (a,ai\...\a n )®T(L A {l)), 
as 

V 2 (f n (a,ai,...,a n )) = f n (a, 01, . . . , a n ) ® 1 £ (A ® A)" c (A® A A)°, 
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denoting by r > the internal degree of the string (a, Oi, • • • , a n ). Going south-east in (|40]) we arrive at (jH| 
as well. In fact 

n-l 

Vi(a,ai, . . .,a n ) = (a,ax\ ... \a n , 1) + ^ (V™ (a,ai, . . .,a n >) <g> tv+i, ...,a n ) e A® A A, 

n'=0 

and 

e?(7-(/))(V 5 (V 3 (Vi(a, oi| . . . \a n , 1))) = S(.F(/))((a, a x \... \a n ) ® T(L A (1))); 
this is because L A is strictly unital and Q{J-{f)) strict. The diagram (j40]) commutes. 
• n' > n. Going east and then south in (|4"u]) we arrive at 

G(^(f))( a i ai, ■ • • , a„, a n+ i, . . . , T(La(1))) = f n {a,a x , . . . , a„) T(L A (l)), 
as G(T(f)) is strictly unital. 
In summary, (|40j) commutes. 
Induction: S r 
We denote by 

cV = iSi • * ■ i*r S\ , 

r-times 

the r" 1 extensions of Si, for every r > 1. We want to prove the commutativity of any diagram 

x h > y 



(42) Lx U 



S(j-po) s( ^ (/1)) > £(J-(y)) 

with X, y e triang^A) and </?Xj isomorphisms in ~D°°(A). If X, y S triang^ D (A), then by definition there 
exist r, r' > 1 s.t. X e cS r , 7 £ 5 r / and exact triangles 



and 



y^y ^y;_! 4y[i] 



in D°°(j4) for some morphisms / and g and X X ,Y X £ Si, X' r _ 1 G S r -i and i^.'/^ G <Sr'-l- They are isomorphic 

to the exact triangles X x % X x ffi X' r _i X' r _i -4 and Y x *4 y © ^ y/,^ -4 y[l] for some 

isomorphisms px ■ X — > X x © X' r _ 1 in triang^A) and py ■ Y — > Y x © y//_i in triang^(A). Commutativity of 
(j32| is equivalent to the commutativity of 

Xi © x' r _ x — > y © y;,^ 

(43) v Xl(B x;_ 1 l^nev-;^! 

Qi?{Xi®K-i)) G ^ (h))) e(HYi 

where 

A = PY o fl Px 1 ' <PA = ^(^"(Px)) -1 ° ^XffiX;.! PA 

and similarly for (py. Let us discuss (|43l) and the isomorphisms 

^ex;^ : *i © ^_i Q{T(Xi © X^)) = S(-F(Xi)) © Q^X'^)), 
^er,^ : *i © -> 5(W © ty-i)) = 5(^(y)) © SGW-i)); 

we distinguish two cases. 

• If r = 2, and r' = 2, then such isomorphisms are simply 

Vx 1 ®x[ := ¥>Xi © Va-j, 
WieVi' : = <Pyi ® <Py{'> 
we have <f Xl ®x' 1 ° d^eA; = dg^^eA;)) ° i-e. 

dA, -/ \ = / d g(HXl)) -g{Hf)) 

1a( J V d e( ^ (x;)) 
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as ipx t and tpx[ are niorphisms in triang^(A) such that Q{T{j)) o ipx> — tpx-i ° / holds true: we proved this last 
equality in the previous subsection, for any Xi,X[ E Si and morphism / : X' x Xi[l], Similar considerations 
hold for lpy 1 ®y(- Moreover ipx 1 ®x , 1 and <PYx®Yl are homotopy equivalences as ipx-i Vx^, '■Py^ and ipy' are homotopy 
equivalences. We recall that 

<p x : X S(JpO) 
is explicitly given (up to suspensions and desuspensions) by 

n 

(45) tp x (x\ai\ . ■ ■ \a n ) = ^ ((x,ai\ . . . |a n <|T(L A (l)))|a n < + i| . . . \a„), 

n'=0 

for any X G Si. We are left to prove 

(46) tPY l(S Y{ ofl = G(Hh)) ° <PXi(BXi- 

The strategy is clear: we use the same techniques introduced in the previous subsection, for the <Si case. We just 
need to consider any string 

((xi®x' 1 )\ai\...\a n )e(Xi®X' 1 )[l]®A[l}® n ; 

([4U)) is equivalent to 

^2 t PYi®Y{(fi,n'((xi © x i)\ a i\ ■ ■ ■ \a n >)\a n >+i\ ■ ■ ■ \a n )) = 
n'>0 

(/Tn'tfri 8 si)|oi| . . . \a n ,)\a n ,+i\ . . . |a„))ffi 

n'>0 

{ PY((flln>(( x l ® x 'l)\ a l\ ■ ■ ■ \a n >)\a n , + i\ . . . \a n )) = 
g(F(fi))(<p Xl (xi\ai\ . . . |a„)) © G(F(fi)){<Pxitfi\ai\ ■ ■ • K)) = 

(47) S(Hfi))(ziKI • • • K,T(L A (1))) © G{T{hWi\ai\. . . |a„, T(L A (1))), 

where /^/- resp. denotes the projection of fi, n > onto Yi, resp. Y/ . In the last equality in (j4"7j) we have used 

the definition of tpxn l Px' 1 , following (|4"5")) ; note that G(F(fi)) is a strict morphism; in fact G(F(fi)) = fi €5 1. 

By definition (|45[) . and leave the contributions / 2 J,/((a5i©2Ci)|oi| ■ • • |a„') E Yi and f 1 1 n /((xi®x 1 )\ai\ . . . \a n i) E 
Y[ in (|47|) unchanged: then (j46|) follows and commutativity of (j42]) is proven. 
• If r > 3 or r' > 3 in (|4"3"|) . one needs to further decompose 

the objects and Y^,_ 1 using the above techniques, i.e. introducing suitable exact triangles, arriving 

at the isomorphisms 

(48) p'x : X Xi ® X[' ®...X' r '_ 1) p' Y : Y ^ Yi ®Y" ® . . . Y",_ x \ 

with Xi,X[', . . . , X' r '_i, Yi, Yj', . . . ,Y 7 ',_ 1 E <Si. We have reduced our problem to a finite direct sum of the Si case. 
There is no substantial difference with the r = 2, r' = 2 case, both conceptually and computationally. We conclude 
that G J~ — 1 on triang^ 3 (A) . 
On morphisms of objects in S[ . 

Let us consider S[ and a strictly unital Aoo-morphism g : K(i)[l] — > K(j)[r] with Taylor components g n : K(i)[l + 
1] ® i?[l]® n — > K(j) [r + 1], for n > 0. Once again, as A'(j) [r + 1] is concentrated in bidegree (— r — 1, — j) and g is of 
bidegree (0, 0), then g n = for n^=r — l + j — i: there exists one and only one non trivial component g n . We check 
the commutativity of any diagram 



X — 2-> Y 



(49) \i, x 



T{G{X)) F(G(Y)) 

with X and Y in S[ and natural quasi-isomorphisms in D°°(B). We need some preliminary results to 

prove this statement. 

We recall that the A^-B- A-bimodu\es K_, K are such that A^ quasi-isomorphisms of strictly unital Aoo-bimodules 
va '■ A — > K®_ B K_ : and vb ■ B — » K®_ A K exist . Introducing the functor 

(50) : D°°(B) ^ D°°(A), M ^ Q{M) := M® B 7?, 

we prove that 
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Lemma 14. • §{M) ~ Q(M) m D°°(A) 0, for any M G D°°( J B). 

• The functor Q is exact w.r.t. the triangulated structures on D°°(_B) and D°°(^4); 

• Q(M) G triang A (A), for any object M in triangg 3 (K) . 



Proof. Let us consider the following diagram: 



{M® B K)® A (K® B K) 

1®V A 1®I/ B ®1 





M® B K = £(M) 0(M) = M® B K 



(51) 
where 



and similarly for are the maps described in lemma OH All arrows are quasi-isomorphisms of strictly unital 
^4oo-^4-^4-bimodules, i.e. homotopy equivalences. We denote by 

VM ■■ Q{m) -». g(M) 

the above quasi-isomorphism in D°°(A), obtained by inverting the quasi-isomorphisms 

r)M,B := 1 ® i/b ® 1, 

and 1 Cg) <£\ff ; their inverses exist as quasi-isomorphisms in D°°(j4) and D°°(i3) are homotopy equivalences. In other 
words, 

(52) ip M = (1 ® <$>k)- x o Vm ] b o (1 ® o ($ M ^) := (^m) _1 o 

i.e. (/?^ is the composition on the l.h.s. of (j5l"j) . while i/?^ is the one on the r.h.s. We also introduce the notation 

(53) T(M) = {M® B K)® A {K® B K) S M® B {K® A K)® B K. 
By definition </?m is not strict. 

The first statement of the lemma follows by the very definition of ipm- 

The second statement is proved easily using the same techniques showing that Q is an exact functor w.r.t. the 
triangulated structures on D°°(_B) and T)°°(A). One the third statement; choosing M — K, then (|5"Tj) implies 
Q(K) _~ A, or Q{X) e Sx = {A[i]{j),i,j G Z}, for any I 6 cSJ = j G Z}. By definition of 5 r and 5; we 

have G(X) G 5 r , for any X ^ S' r . 

□ 

Corollary 10. J" o Q ~ 1 on triangg 1 (if) . 

Froo/. Thanks to lemmaHH if M G triang B (if ), then Q(M) ~ C?(M) and T{Q{M)) ~ T{G(M)), as J 7 sends quasi- 
isomorphisms to quasi-isomorphisms. It is easy to prove that To Q ~ 1 on triang B °(i^) by following the subsection 
"Induction: <S r " above. Checking the commutativity of 



i/'JX 



T(G(X)) T(Q(Y)) 
for any X, Y G <S( is immediate; note that -0x and ipy are explicit; in fact 

il>x :X^T(G(X)), XeS[ 
is given by (up to suspensions and desuspensions) 

(54) ^ X (x\h\ . . . \b n ) = ((^ & il ■ • ■ I«4I^(Rb(i)))IWI • ■ • K), 

n'>0 



More precisely, the quasi-isomorphisms are all of strictly unital Aoo-yl-A-bimodules. 
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where TV : End A (K) ->■ K® A K is s.t. 7V(R B (1)) = p <S> 1, with ^ : -> X, and y>(l (g) 1) = 1. This follows 

from the very definition of Rb(1); in fact Rs(l)(ai| . . . |a;|l) = for Z > 1 and Rb(1)(1) = 1-1 = 1. The relations 

F(G(g)) °ipx = ih °9, 

i.e. 

(55) (g <g) 1) o ip x = ip Y o g 

follow, using (j5"i)) . Then one moves to diagrams in which 1,7 6 triang^ (K) and any morphism g : X — > Y in 
D°°(_B) appear; the proof of commutativity is done as in subsection "Induction: iS r ". We decompose objects in S' rl 
r > 2 into direct sums of objects in S[; as the case for r = 1 is explicit, thanks to (j5"i|) and (|55l) . then we can repeat 
verbatim the considerations in "Induction: <S r ", ending the proof of the equivalence J- o Q ~ 1 on triangg (if). 

□ 

We are left to prove 

.Fo£?~ 1 

on triang^ (if) by induction on S' r , r > 1; we begin with the case r = 1. Let X and Y be in S[; any diagram 

X — 2-> Y 



T{Q{X)) T(Q(Y)) 



can be decomposed into the subdiagrams 



X — y 



(56) -?W)) 



.f(S(X)) ^(5(10) 



where ?/>x, V*Y are given by ([54]) . (y9x and py by (|52|) and px — J 7 (ipx)°4'x, Py — ^'{'Py) '4 ! y are quasi-isomorphisms. 

We have already proved that the upper subdiagram in (|56p commutes; the lower one commutes if we prove the 
commutativity of the diagram 



(57) 



G{X) -^U Q(Y) 



Q{x) -^U g{Y) 



as J 7 is a functor. Once again, using the definition (|52p of tpx an d py we decompose (|57p into 

Q{x) -^U g(Y) 



T{X) -^U T(Y) 



9{x) -^U g{Y) 



where the morphisms appear in the definition ([52^1 and T(X) (similarly for T(Y)) is defined in (|5^|) . 
The map T(g) : T(X) -> T(Y) is simply T{g) =g®\. 
But 

(58) (1 ® i/a) o ($ y ^) o = T( 5 ) o (1 ® ^) o ($ x ^), 

as one can easily check just using the definitions of the morphisms; in fact the identity has to be verified on any 
string, say 

(x, h\... \b q ,$)\ ai \. . . M g (X® B K)[1] ® T(A[1}); 
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The l.h.s. of ([58]) is equal to (up to signs) 

g((x,bi\, . . \b' q ),b ql+ i\ . . . \b g ,<f>)\ai\ . . . \a n ,v A {l), 

as the morphism g : X — > Y (X and Y are in S[ ) has only one non trivial Taylor component g q >, q' > 0, due to the 
bigrading on X and Y; we already used this fact in the proof of thm. [7] The r.h.s. of ([58)) gives the same result, by 
definition of T(g), which is clearly a strict ^oo-morphism. 
On the other hand 

G(g) o (1 ® o r, x ] B = (1 ® Qk)- 1 o r£ B o T(g) 

holds true if and only if 

(59) T) Y ,b o (1 <8> ®k) ° <3{g) = T{g) o ° (1 ® 

l|59p is easily verified, as we did for (jS"8"|) : so (|56p commutes. Let us verify (|59p explicitly, on any string 

(x,6i|...|6„^)|oi|...|on) G (-y®fllO[l] ®T(A[1]), n>0. 

If tt. > 1, as all morphisms in (j59"|) are strict, then (|5^| is trivially verified. Note that, by definition, $ff "sees" the 
left £?-module structure on K_, i.e. &k_ : K_ — > B®_ C K . If n = 0, recalling that g has only one non trivial Taylor 
component, say g q , <? > 0, due to the bigradings on X and Y, we arrive at 

X! ■ • ■ IMA+il ■ • ■ IV'^sWA'+il • • ■ \ b q>&)' 

q'=q+l 

for the l.h.s. of (JSHJ) (up to suspensions and desuspensions). We recall that vb ■ B — >■ K§)_ A K is strictly unital, so 
u B (bx\... \bj\l\b j+1 \. . . \bj>) = if / > 1. The r.h.s. of §S§§ gives the same result, as T(g) = g ® 1. 

The first step of the induction is proven. If X e 5 r and Y G <!v , then we prove the commutativity of 

X — y 



(60) ^(^(^)) 



^(5(JQ) ^(SPO) 



introducing the isomorphisms 



Px :J^0J i , py :F ^0y, 

i=l j=i 

in D°°(S), for some Xi, . . . , X r , Y\, . . . ,Y r / in S%. The considerations that lead us to prove (jH]) hold here, with due 
changes; we are just considering finite direct sums of ^loo-modules and homotopy equivalences. 

Exchanging A and B; i.e. using the Aoo-B-A-bimodule (K, dj<) and the new functors J- = -®_ B K and Q — -® ,K 
we can prove the equivalence of the triangulated categories triang^ (B) and triang^-KT) with the same techniques 
introduced above. 

B.0.41. On thick subcategories. The statement on the thick subcategories follows by additivity of J 7 and Q (J- and 
Q as well), w.r.t. the coproduct in D°°(A) and T)°°(B), i.e. the direct sum of strictly unital Aoo-modules. 
More precisely, let X G thick^A); there exists a Z G triang^(A) s.t. 

Z ~ X © Y, 

for some Y G D°°(yl). Let us call such isomorphism ipx, i-e. <px : Z — > X © F. It follows that .F(X) G thick^ (X), 
as J- is additive and preserves quasi-isomorphisms. For any morphism / : X\ — > X2, with Xi,X2 G thickJJ (A), we 
want to prove that the diagram 

X 1 — L.+ x 2 

V>l| 1-02 
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commutes, for some isomorphisms ipi : Xi — » Q(J-(Xi)). All we need is to check the commutativity of the diagram 

X x —L-> X 2 



(61) 



X 1 ®Y 1 



i 2 o/oiri 



X 2 ®Y 2 

P2 



-1 
<P 2 



i>z 2 



g [HZl)) GWXxeYx)) g(ni2 ° /o ^ l)) ) g{T{X 2 ®Y 2 )) 3^1% Q{T{Z 2 )) 



QiHYi)) 



with 



Pi :=Q{J : {ip 1 ))otj} Zl o( Pl 1 



and similarly for p 2 . The isomorphisms ipzt do exist as Zi 6 triang^ (^4) . The maps Hj : Xj ® Yj 
ij : Xj — > Xj © Yj are morphisms in D°°(A). We want to prove that the central square in (frITj) commutes, i.e. 

(62) p 2 o (i 2 o f o 7Ti) = G{F{i 2 ofo 7Ti)) o Pl ; 

clearly 

^2 1 °( i 2°/ 'ri) ¥'l ^ 

Zi ^ z 2 



Xj and 



QiHZx)) g( ^ (y2 ' l0fe0/ ^ l)0yi)) ) 
commutes, as Zi G triang^ (A) ; in other words 

1pZ 2 ° ° («2 ° / ° Tl) ° ¥>1 = Q^F^P^ O (i 2 O / O 7Tl) O t^)) O ^ <^ 

lpZ 2 O (^J 1 O (i 2 O / O 7Ti) = 5(^ r (^ 1 ° (*2 ° / ° TTl) ° Vl)) ° V% ° ^ 
Q{F{(p 2 ) ° 4>Z 2 o tp 2 X o («2 ° / ° Tl) = SP^fe ° / O 7Tl) O (^i)) O ^Zi ° 

i.e. ()62|) . The upper central and the lower central squares in (|61|) clearly commute; the morphisms 

^ : X 3 -> g{JF{X 5 )\ 1> s = QiTfri)) ° *i 
are actually isomorphisms with inverses given by 

V^ 1 : SCFPO)) -> X,-, ^ = tt, o pTi o g(J-fe)); 

this last statement is proved by writing explicitly pj and recalling the decompositions (|48[) . for any object in 
triang^ 5 (A) . As Q{F{ )) is of the form G(J-(g)) = g <£> 1, for any morphism g in triang^A), the claim follows. The 
thick subcategory thick ^ (K) is studied analogously. 

□ 

Appendix C. Proof of thm. [5] 

We show the proof of thm. H]in some detail, such proof is analogous to the one of thm. [7J modulo technical issue 
due to the presence of "roofs" . Once again, all we need is to prove the commutativity of "easier" diagrams in which 
objects of the form An[i](j) and Kn[n](m) appear. 

Proof. We study the exaclQ functors T% and Q% on D^(A^) and D^(_B/j) to prove that they induce an equivalence 
of triangulated categories between triang^ 3 (.K^) and triang^ 
On objects in Si, S 1 . 

We introduce <Si = {Ari{i)[n],i,n G Z}, and S[ — {Kn(i)[n],i,n G Z}. By definition, objects of <Si are (all 
isomorphism classes of the) objects Aft(z)[n] in D^(A^) and similarly for S[. By definition of the functors {Fn, Qh) 
and proposition [T^l we have 

Qh{^n{A n {i)[n])) ~ A n (i)[n] 



as usual, "exact" is w.r.t the triangulated structures on the derived categories 
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in D^(Aft) and 

^n(Gn(K h (j}[m])) ~ K R (j)[m] 
in D^(B fc ), with F h {X) e S[ and Gn(Y) e S u for every X € Si, Y £ S[. 

CO. 42. On commutative diagrams in the derived categories D£S(.Aft) and "Off (Br). To prove the theorem, we need 
to consider the following general setting. Let Xn, Y^ be objects in triang^ (A^) and let fn : X% — > Y^ be a morphism 
in D^(j4ft). We want to prove that there exist isomorphisms 



in Dff(A h ), such that 



<Px h : X h -> gniFniXn)), <p Yfi ■ Y h -> S^O^)) 



(63) ¥>*J ¥>yj 



commutes in D£S(Aft). 

Let us represent the morphism fn by the roof (s^, i.e. 





for some in D?S(Aft); by definition of triang^(A^) (property (50)) we can infer that X' h is an object in 
triang^ 3 (Ajj): in fact is an isomorphism in D^(A^). Then the morphism Gni^hiXn)) —> Gh{J-h(Yh)) is repre- 
sented by the roof {Gh{^n{sn),Gn(^n{h)), i-e. 



g h (F h {X h )) Gk(Wh)) 
We are interested in proving also the commutativity of diagrams 

(64) w B | vz h | 

^(^(W B )) ^ (gB(9R)) > F h {Gn{Z h )) 

in D£S(_B/j), with W/j and Z% in triang^. {Kn), (pw h , fz n isomorphisms in D^S(Sr) and morphisms represented 
by some roof, like the morphisms f% introduced above. 

We need the following lemma, which reduces the problem of commutativity in the derived categories to the check 
of certain relations involving morphisms in the corresponding homotopy categories. We state the lemma in the case 
of diagrams of the form (|63|) : the other case is analogous. 

Lemma 15. Let X%, Y% be objects in triang^ fi (^4^) and let us consider a diagram of the form (|63|) . with f%, (p Xn , 
ipy h and Gh{^Fh{fn)) as above. If there exists a quasi-isomorphism 

<Px k : X' h -». Gn{Wn)) 

in H^£(Afi) s.t. for any morphism gn : X' h — > Y% in 7i^(Afi) the relation 

(65) <pY R °gn = G h {F h {g h )) o ^ 
holds true, then, representing the isomorphism 

<Px> ■■ X'h -> Gn(W h j), 
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in Ti^AAn) by the roof 



X' h Gn(W h )) 

the diagrams of the form (|63|) commute. 
Proof. Commutativity of (|63[) is equivalent to 

(66) (1, (p Yn ) o (s h) fa) = (G h (F h (s h )),G h (F h (fa))) o (1, (p x , % ) 

in D^(A^); the l.h.s. reads 



(!) ^Yk) ° ( s &: fa) = (S h a h , (fY h Ph), 



with P — fncth, for some roof 





Then 



(!> VrJ ° (sft,/fi) = (sha h ,<PY h facta) = {s h ,ip YR fa) = {s h ,G h (F h (fh))vx' R ), 
where in the last equality we used (|65p and the second equality holds true as a n is a quasi- isomorphism @; but 

(sH,G h (F h (fa))^ Xk ), 

i.e. the roof 




G h (F h (h))v x . 




is equal to 



X' h 





X n Gn(W h )) 

/ X w3»(f»(%))/ \ Gn(Fh{Jh)) 





X h 



GniMXn)) 



GniWn)) 



i.e. the composition 



(G»(F»(s ft )),G»(F ft (/ ft )))o(l,^,), 
which is the r.h.s. of (|66|). if and only if 

<Px h ° S H = Gn(F h (sn)) o 
This latter is nothing but (|65j) applied to the quasi-isomorphism s?i. 



□ 



In virtue of the above lemma, we prove that diagrams of the form (|?55|) commute, for any Xn, Yn in triang^ R (Afr), 
by choosing a representative for the morphisms and checking the relations (|66[) . 



^We recall that equality "=" between roofs is, by definition, the equivalence relation betweeen them. 
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CO. 43. On On o T% . ~ 1 on triang^ (An). We begin by proving Qn o J 7 ^ ~ 1 on triang^. on any pair 

X h := A H {i')[n'], Y n := A h (j)[m] 
of objects in Si and any morphism fn : Aft(i')[n'] — > An(j)[m] in D^(-Aft) represented by the roof 

A n (i)[n] 





(67) 

A h (i')[n'\ A n (j)[m] 

where ,n,n' ,j,m £ Z. 

Let /^ ) ' r : (A{i)[n])[l]®A[l]® r -> (A(j)N)[l] be the r-th Taylor component of for any Z,r > 0. A quick 
degree analysis (we recall that Ah is concentrated in cohomological degree 0) implies that r ^ if and only if 
r = m — n, i.e. there exists one and only one non trivial Taylor component of if m — n > 0, for any I > 0. To 
prove the commutativity of the diagram 



Ah(i)[n] A n (j){m] 

I ¥>A R <<>[«,] i^*' 



is sufficient, thanks to lemma fT5l to prove 

(68) <PA n (j)[m] °fh = Gh(F%(Jh)) ° ^A K (i)[n] 

representing the isomorphisms 

in D£(A ft ) by 
(69) 



¥U»<fe>[J] : A h (k)[l] C?R(J"fi(A R (fe>[Z])) 
Afe(i)[m] 




A R (j>H g fi (^(^(j)[m])) 

for any k,l £ Z. The quasi-isomorphisms <^A R (j)[m] an d <PA fi (i)[n] can be deduced by the diagram (|40l) . with due 
changes. Up to suspensions and desuspensions w.r.t. both the cohomological and internal degree, we have 

(70) $A*(i)[n) = 0-®%) ° (1®ImJ o $ Aft , 

where $A fi : A% — > An®_ A A% and Tn ■ End Ph (Kn) — > Kk®_ b K h is described in Corollary 5. To check (f6"5j) is 
immediate, once we recall that Gh(J~h( jh)) = /k<8>L 

We finish the proof of the equivalence Qn ° J^n — 1 on triangT (A R ) considering the general case. Denoting by 

S r = Si ~k • * ■ i*r tSi , 

r— times 

the r*' 1 extension of 5i for every r > 1, we note that Tn(Xfi) £ 5£ for every X% £ S r and Gh(Y~h) £ Sr' f° r every 
Y H £ S' r ,, and r,r' > 1. 

Let and Y/j be objects in triang^ (Ar) and /r : X^ — ► be a morphism in D£?(Aft) represented by the roof 





It follows that X' h is an object in triang^ 3 (A^) as well, we show that the diagram 
(71) w t ¥>y R | 
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commutes in Dfi(An)- To do so, we introduce the roofs 






X n Qh{Fh{X h )), Y n QhiMYn)), 9n{Th{X h )) 9n{Fh(Y h )), 

representing ipx h , <£y h and Gh(J~n(fn)), for some (px h and ipy R still to define (see below) On the other hand, 
Gh{Fh{fh)) = fh®^- By definition of the triangulated subcategory triang^ (An), there exist r',r > s.t. X' h G S r i 
and Y% G iS r , i.e. there exist exact triangles 



(72) 



in D°°( J 4) for some morphisms gn and /la, with X\,Y h x G 6>i and X r h ~ G iS r /_i, YJ*" - G <Sr-i- Let us focus on the 
first exact triangle in (|72p ; for the second one the analysis is analogous. By definition of exact triangles in D^(A^) 
(and triang^ such exact triangle is isomorphic in T)^(An) to a sequence of the form 



(73) 



W h n Z h ^R h ^ W h [l], 



where ([73")) is the image under the canonical functor Q,A h ■ %%(An) — > T)°°(An) of the exact triangle Wn °^ Zf 
Rn In other words, the morphism an is represented by the roof 



and similarly for /3ft, jn- 

But (|73[) is isomorphic in G^(An) to the exact triangle 

(74) W h % A W h ®Rn ^ Rn ^ W h [l], <V §fln 

where in and pn are represented by 



dw fi -7ft 
d flh 







with canonical topological inclusion i% and topological projection pn- In summary, collecting the isomorphisms of the 
exact triangles so far, we arrive at the isomorphisms X\ ~ Wn and X r n ~ ~ Rn in D^(A^), implying that Wn G <S>i 
and Rn G <5v-il the isomorphism 

p Xk : (X' h ,d Xk ) -> (Wft§iift,d Wji§iJji ), 

in D^(Aft) follows, as well. Repeating the same analysis for the exact triangle in which Yn appears-see (fT2"j) -we get 
the isomorphism 

pY n : (Yn,d Yh ) (M ft 0iV B ,d MR§ ^J, 

in D^(A^) for some G <Si and Nn G >S r _i. 

In virtue of the above isomorphisms in T)'^(An), (|7ip commutes if and only if 

W h ®Rn M h ®Nn 



(75) *V B eiiJ 



( PM h §N h 



does, where 



/ft = PY n °fh°P X \i 

( 76 ) ^M B eJV s = feftft)) ^ ^'- 
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In the sequel we will explicitly define fwnfBRn anc ^ VM h ®N n 'i thanks to (|76j) (px% and tpy h will be explicit, as well. As 
we did in the proof of thm. [7J in the subsection 11 Induction: S r " , we need to distinguish two cases: if r' = r = 2, i.e. 
Wft, Rh, M h , Nfi,ESi, we represent f Wh ®R h and Vm^Nh ^ tne roofs 




where (pw h i ■ ■ -iVN n are given by (fTO)) . Note that ^vK ft ©^/Jr and ifM n ®<PN h are quasi-isomorphisms in "H*^(v4?j) as, 
by definition, ■ • ■ , <Ptf and are homotopy equivalences, i.e. isomorphisms, in D°°(y4), as noted in the subsection 
"Induction: S r " in the proof of thm. [71 Commutativity of (f75|) is easily proved: we are just following the lines of the 
proof in thm. [Jj with due changes. 

If r' > 3 or r > 3, we need to further decompose X r K _1 and , repeating the above considerations, a finite 
number of times. The proof of commutativity of (1751) is conceptually analogous to the one for the r' = r = 2 case; 
we are just considering a "trivially" quantized version of the computations which appear at the very end of the proof 
of thm. 

In summary, we have proven the equivalence Qn o T% — 1 on triang^. (A^). 

CO. 44. On Tfr o Q h ~ 1 on triang^ (.ftT^)- To prove T% o ~ 1 on triang^ R (iffi) we begin by considering pair of 
objects in S[, following (once again!) the lines in the proof of thm. [7J We define the derived functor 

Q h :T>? f {B h )^T>? f {A n ), 

with M h i ^ := M h ® B Jt h 

and we consider the following diagram: 




= M h ® B K h M h ® B K h = g h (M h ) 



where the quasi-isomorphisms $ M s and have been described in prop 1151 while the quasi-isomorphisms 

VA h and vb r appear in Cor. [7J All arrows in the above diagram are quasi-isomorphisms of strictly unital topological 
Aoo-ylfe-Aft-bimodules. Introducing the notation 

(77) T h {M h ) := M h ® Bh (K h ® Ah K h )® Bh K hl 
the quasi-isomorphism 

VM R ■ Qh{M h ) -> Q H (M H ) 

in 'D^(Afi) is the composition 

(78) VMn = Ct Mn ° PM n , 
choosing the roofs (1/i,<5m b ) and (0m h , 1ft) for &m h and /3m h , where 

and C? R are exact w.r.t. the triangulated structures on T)f^(Bn) and D^(A^); the statement for Q% follows as 
well: the analysis is similar. Moreover Gn(Mn) £ triangT ' (A^), for any object M R in triang^ (ifft); in fact 

(79) g h {K h ) = K h ® Bh K h ~ A fi 

in D^(A^) as it follows by considering the quasi-isomorphism and using Kh®_ Bn K.h — An] the statement for 
any object in S[ easily follows; for r > 2 we just need to look at exact triangles. We continue with the equivalence 
T%oQ% ~ 1 on triang'n ' (K%)\ its proof is done by decomposing objects in S' r , r > 2, into finite direct sums of objects 
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in S[, as we did in the preceding subsection. We need to prove the step r — 1 explicitly. Let Kn(i')[n'], Kn(j)[r] be 
two objects in S[ and let gn : K%{i')\n'\ — > Kn(j)[r] be a morphism in D°°(_B^) represented by the roof 

mm 

K h (i')[n') K h (j)[r] 

where ,l,n' , j,r G Z. By degree reasons gn has a unique non trivial Taylor component g\ , for some r > 0. The 
commutativity of the diagram 

K h ii')[n'] A,(j)[r] 

I V>ir R <»'>[„'] U*n<i>M 

^(^(^ ft <i'>K])) ^ (gft(9fi)) > ^(^(^(i>M)) 



is proven once we show that 



Knii)[l\ ^n0')[ 



I- 



U< h _ Ui B,, )(/•)[/] i.A',,_ B( B/00'>M 



(81) ]z 3 " 
(A^End^A,)^) (X fi ® BR End AB (X fi n<j)[r] 

(a^a^a,))^] ^ (gfiteR)) ) (^ B (^i A ^fi))(i)M 

commutes, where the morphisms .2^ are those appearing in the proof of thm. [7J section 7, with due changes. 
Considering (|8Tj) . given any A^ G we denote by : — > J-h(Gn{Xn)) the composition 

(82) i> Xh = o Zl o = (ldftn) o (l®R fl J o ($ K J, 

where is described in prop fTS"! Rs R is the quantized derived right action and TZn appears in cor El ipx h is a 
quasi-isomorphism in 'HS(Afi) as is a quasi- isomorphism, i.e. a homotopy equivalence in D°°(A). 

Using the decomposition of objects in S' r into finite direct sums of objects in S[ we finish the proof of the equivalence 
T% o Q h ~ 1 on triang BR (A^). We can repeat the analysis of the previous subsection almost verbatim. 

The equivalence Js o g s ~ 1 on triang Bfi (A;i). is proved following the same strategy that lead us to T% o (J^ ~ 1 
on triang Bft (Aft) : all we need is to consider the case r = 1 using o Q h ~ 1 on triang Bf . (A&) . All computations 
and decompositions that appear in the proof of thm. [7] can be repeated here, with due changes. 

CO. 45. Last part of the proof. Exchanging An and B^; i.e. using the topological Aoa-B n-An-himodnle (Kn,dK h ) 
and the new functors T h = -®_ B As and Q n — K.% we can prove the equivalence of the triangulated categories 
triang^ (-Bft) and triangj 3 (AV) with the same techniques introduced above. 

The statement on the thick subcategories follows by additivity of Tn and Gn {^F% and Q h as well), w.r.t. the 
coproduct in Dff(Afr) and Djj(B^), i.e. the direct sum of strictly unital topological Aoo-modules. 

□ 



Appendix D. On triangulated categories 

In this section we collect some known facts on triangulated categories and thickness. We follow the expositions 
in [20] and [IB]. Let us consider the pair (T, £), where T is an additive category and £ : T — > T, £(A) := £X an 
additive autoequivalence. 

Definition 34. A triangle in T is a triple (a, /?, 7) of morphisms in T 



x 4y A z 4 sz, 
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and a morphism bewteen two triangles (a, /?, 7), (a',/3',7') is a triple (fx, <^2j ^3) of morphisms inT s.t. the following 
diagram 



X 



-> y 



7 



¥>2 



> EX 

S(yi) 



/3' 



V?3 

' — EX' 



commutes. 



Definition 35. TTie category T is said to be triangulated if it is equipped with a class of distinguished triangles, 
called the exact triangles, satisfying the following axioms. 

• (Tl) A triangle isomorphic to an exact triangle is exact. For any object X, the triangle 0— >X^>X— S>0iis 

exact. Any morphism a : X — > Y in T can be completed to an exact triangle l4yAz4 EX. 

• (T2) A triangle (a, /3, 7) is exact if and only if (/3, 7, — Ea) is exact. 

• (T3) Given two exact triangles (a, /3, 7) and (a', /?', 7'), each pair of morphisms ifi and if2 satisfying ip2 oa = 



a 



' o (pi can be completed (not necessarily uniquely) to a morphism of triangles (yi, y>2> V?3) ; 



X 



-+ y 



7 



vi 



V2 



> EX 

S(yi) 



X' — 2L_> y 



/3' 



' — EX' 



• (T4$H Given exact triangles (a\, a.?.-, ots), {Pi, P2, P3) and (71,72,73) wi£/i 71 = /?i oa 1( there exists an exact 
triangle (61,62,63) making the following diagram 



X 



X 



Y 


a.2 




I" 




I* 


Z 


72 ^ 


V 






I 52 


w - 










1* 


ef 


£(a 2 ) 


EC/ 



-> EX 



-> EX 



1 SQ1 



-> sy 



If the category T satisfies only the axioms (T1)-(T2)-(T3), then it is said to be a pre-triangulated category. 

Definition 36. Let T be a pre-triangulated category and Ab be the category of abelian groups. A functor J 7 : T —> A, 
with A abelian, is said to be cohomological if it sends each exact triangle in T to an exact sequence in A. 

Lemma 16. For each G T , the representable functors 

Hom r (X, •) : T-> Ab, Hom r (-, X) : T op -> Ab, 

are cohomological. 

From the above lemma it follows 

Lemma 17. Let (<£>i, <£>2) ^3) &e 1 morphism between exact triangles in T . If two maps in {tfi, </?2, ^3} ore isomor- 
phisms, then also the third. 

Definition 37. Let (T, Ei) and {IA, E2) be triangulated categories. An exact functor T — > IA is a pair ( J 7 , 77) 
consisting of a functor J- : T — > W and a natural isomorphism t] : J 7 o Ei — > E2 o J 7 s.i., /or every exact triangle 

X A y A Z A- EiX m T, i/ie triangle 



T{X) n 4 ] T{Y) ^ T{Z) "°3 7) S 2 ^(X) 



is exact in IA. 



this is the celebrated octahedral axiom. 
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The following basic example is well studied in [llj . 

Example 2. Let (7~, S) be a triangulated category. The autoequivalence (£, — 1) is an exact functor w.r.t. the 
triangulated structure on T . 

D.0.46. On triangulated subcategories. Let (7~, S) be a triangulated category. 

Definition 38. ^4 non-empty full additive subcategory C is a triangulated subcategory if 

• (SO) S is strict; any object isomorphic to an object in S belongs to S. 

• (SI) Y, n X € C for all X G C and neZ. 

• (S2) Let X — > Y — > Z — > SX 6e on?/ exact triangle in T . Lf any two objects from {X, Y, Z} belong to C, so 
also the third. 

A triangulated subcategory C inherits a canonical triangulated structure from T ■ Let U and V be classes whose 
objects are (isomorphism classes of) objects in T, where T is triangulated. The class U * V is defined as follows: 

U *V := {X e T : U ^ X ^ V ^ T.U exact triangle in T, U £ U, V € V}. 

The composition * is associative by the octahedral axiom (T4). The following notation 

S r = 5*1 * Si t*t • • • i< Si 

r-timcs 

is unambiguous for r > 1, for any class <Si of objects in T. The objects in S r are called the extensions of lenght r of 
objects of S±. If T is a triangulated category and M is an object in T, the full triangulated subcategory generated 
by M consists of all objects belonging to S r (r > 1, as above) with Si = {M[i],i € Z} (in <Si we consider equivalence 
classes of isomorphic objects) . Such triangulated subcategory is the smallest full triangulated subcategory in 7~~ 
containing M. 

Its thickening is the full triangulated subcategory of T consisting of all objects X in T, s.t. there exist an object Z 
in the triangulated subcategory generated by M with Z ~ X © Y. The thickening is closed under direct summands; 
actually it is the smallest full triangulated subcategory in T containing the triangulated subcategory generated by 
M and closed under direct summands. 
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